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In our paper, we propose a technique for finding peculiar invariant manifolds of
conservative systems having first integrals. To find out peculiar invariant
manifolds we use the envelope for the family of first integrals of such systems. In
the capacity of peculiar invariant manifolds we consider the invariant manifolds on
which several first integrals of the system assume a stationary value.

In the present paper, we shall consider several problems, in which the technique of
the envelope has been employed: the problem of motion of a rigid body having
one fixed point, the problem of motion of a rigid body in fluid, and the problem
related to motion of a system of vortices. Mathematica computer algebra system
has been used for performing computations. It has enabled us to employ our
technique in the problems, manual solving of which is problematic because of
bulky computations.

Let us consider Brun's problem well-known in dynamics of a rigid body having one
fixed point [1] in the capacity of the first problem.



Brun’s Problem

Equations of motion of a rigid body in this case write:

Ap=(B—C)gr — (B — C)y2y3, 71 =rv2—qs,
Bg=(C—A)p—u(C—A)pm, 72=py—rn,
Cr=(A=B)gp— (A= B)ny, V3=4q71— P (1)
Here A, B, and C are the moments of body inertia; p, g, and r are projections of
the body angular rate onto the axes bound up with the body; 71,75, and ~3 are
directional cosines of angles between the vertical and the axes bound up with the
body.
System (1)) possesses the family of first integrals:
2K = Ap? + Bq® + Cr* + (A + B3 + C13) — 2Ma(Apm1 + Bga + Cros)
—N[A%p? + B2q® + CPr® — (BChi + CAY; + ABR)] = Xs(hi +%5 +43).  (2)
Under the following conditions imposed on A1, As3:
A = p[(1 = AX)(1 — BX2)(1 — CA)], A3 = pu[A2(AB + BC + CA) — M3ABC] (3)
the integral K assumes a stationary value on the family of invariant manifolds:
Ap—Xv=0 Bqg—XAX1rn=0 Cr—XNy=0. (4)

This follows from the conditions of stationarity for K. These conditions have the
form:
8K/8p = A(A’p — )\1’71) = 0, 0K/871 = [M(A + )\28C) — )\3]’71 — )\1Ap = 0,
0K/0q = B(B'q — M\172) =0, 0K/0v = [(B + M\2CA) — X\3]v2 — \1Bg = 0,
OK/0r = C(C'q — A1y3) = 0, 9K /0y3 = [1(C + XAB) — A3ly3 — M Cr = 0. (5)
After substituting (3) into (5), the latter writes:
oK oK oK
A— = A\i(\y1 — Ap), B'— = B\i{(M\172 — B'q), C'— = C)\i{(M\13 — C'r).
o 1(A11 — A'p), 7 1(A172 — B'g), o (A3 — C'r)
Here A= (1 — AXy), B'=(1—BX;), and C' = (1 — CX\y).



Finding Peculiar Properties of Invariant Manifolds

Let us investigate peculiar properties of the family of invariant manifolds (4) with
the use of the envelope for the family of first integrals (2). We shall employ a
standard procedure of constructing the envelope for the one-parameter family of
integrals.

Compute the derivative of K with respect to parameter A\, and equate it to zero:

0K  d;.. 1. 1ds
e R VAL VANt L VAN )
Ny dh LT 272 2N, 3

Here

Vi = Apy1 + Baya + Crys, Vo = A2p? + B2g2 + C2r? — u(BCA3 + CAYZ + ABH3),
Vs =17 +15 +13.

After simple transformations, we obtain the following equation:

1 1 3003 —2MXy + N
Vo4 Zpu(M = 2LX\) Vs — HBLY; 2+ N) Vi =0, (6)
2 2 2/p(1 = AXo)(1 = BA2)(1 — C))

where N=A+B+ C,M=AB+ BC+ CA,L = ABC.
Equality (6) turns zero, for example, under the following values of \;:

i) A2 =0when (Vo +puM)* — uN?V7 =0, V3 =1,
M
II) )\gzﬂwhen V1:0,V2:0, V3:1;

VMZ =3LN
5 when 3V5 + (M + 2v/M2 — 3LN)V;5 = 0. (7)

Substitute the values of A\, (7)) into the equations of invariant manifolds under
investigation.

M —
i) Ao =



These equations will be reduced to the following ones:

) P=En, 9=V, 1= (8)
b o VAR(E-—CFBC) - \/ul(2AB — M)(M ~ 2EC)
AV2M —2BC) " BJV2M _24C)
. Ju(ABT=(A—B)C?)
T pAB-m) ©)

\/M(\/W——WV+3AB — M)(vV'M2 =3LN + 3AC — M)

R A/3(+/MZ —3LN + 3BC — M) "

W(m 1 3AB — M)(/MZ —3LN + 3BC — M)
B\/3(vWZ —3LN + 3AC — M)

\ (/M =3LN + 3AC — M)(v/M? — 3LN + 38C — M)

C\/3(v/MZ —3LN + 3AB — M)

Equations (8)-(10) represent peculiar invariant manifolds. The integral K and the
corresponding enveloping integral assume a stationary value on these manifolds.

V25

73- (10)

r =

It is possible to apply Lyapunov’s second method to investigate stability of
peculiar invariant manifolds (8)-(10). The first integral K (2) is considered in the
capacity of the Lyapunov function.



For example, in the case of invariant manifolds (9), the 2nd variation of integral K
has the form

AA(B+ C)—BC) , B(A(B—C)+BC), C(C(A+B)—AB)
4BC T 4AC She 4AB

Here 11, &1, and & are deviations from undisturbed values of the variables p, g, r.
The quadratic form is sign-definite with respect to all variables for

BC C A< BC
B4 C B-C

&.

K = —

B > C and

Due to Zubov's theorem [2], the invariant manifold (9) is stable.



Euler’'s Equations in Lie Algebras

Consider more complex (in the aspect of computations) problem: the dynamic
system [3] in Lie algebra. Differential equations of this system write:

§1=—a’nr +ans; — (Brs — $)(Br + s3),

$ = (o + F)nrs — (arn + Br)s. + (ars — s1)ss,

5= (fn — an)ss,

h=n(an + Bn+2s;) — s, — (o + °)ns, + 8s3)x,

h = s — n(an + Bn + 2s3) + ((o® + %) rs + asi)x,

F3 = ns; — nsy + (s — as;)s3x. (11)
These equations have the following first integrals:

2Vo = (87 + 55 + 252) 4 2(an, + Br)ss — (o® + §%)rd = 2h,

Vi=sin+snt+sn=ca, Vo=x(ss+s+s5)+rn+n+rr3=ao,

Vs = (ns1 + ns)((0” + 87)(rs1 + ns) + 2(asi + B)s3) + s5(s; + 55
‘|‘(C¥I’1 + Bry + 53)2) + XS32(551 — 0452)2 = c3.

Here s; and r; are components of two three-dimensional vectors, «, 3, and x are
arbitrary constants.

The cases, when x > 0 and x < 0, correspond to Euler's equations in Lie algebras
so(4) and so(3,1), respectively. When x = 1, equations (11) coincide with the
Poincare—Zhukovsky equations, which describe the motion of a rigid body having
an ellipsoidal cavity filled with vortex incompressible fluid. When x = 0, system
(11) corresponds to the integrable case in Kirchhoff's problem [4].

Let us find the families of invariant manifolds of equations (11) and investigate
their peculiar properties.



Finding Invariant Manifolds

We shall use Routh—Lyapunov's method to find the families of invariant manifolds
of equations (11). According to this method, some combinations are formed from
the problem’s first integrals. These combinations may be both linear and
nonlinear. Here we have used linear combinations of first integrals:

A2 A3

K=V —\1V] — ?VQ — ?Vf; ()\, = COHSt). (12)

Here \g, A1, Ap, and A3 are some constants, which may assume also zero values.
The conditions of stationarity for K with respect to variables sy, s, 53, r1, 1>, and r3
write:
OK/0s1 = Mosy — M — \s[(e® + B%)n
+5553(2aur, + 53)] — x(A3352
OK/0sy = Xoso — A\in — A3[(@? + B%)ra(nsy + nsy) + siss(ar + £r)
+553(201r + 53)] — x(Asas:(asy — Bs1) + M\asy) = 0,
0K /0s3 = Xo(arn + Br+2s3) — A3 — >\3[(r1512a51 + Bs)(s1r1 + s212)
+s3(ar + Br)? + s3(s? + 53 + 2s3) + 3s2(arn + 6n)]
—xs3(A3(fs1 — asp)® + Xo) = 0,
OK/On = Xoass — A\is1 — horp — M3[(0® + B2)si(ns) + ns) + 045§
X(Bra+ an) + ass(s; + 53) + BAss1s3] = 0,

ns + ns) + 5153(0”2 + Bn)
ﬁSl — 0452) + )\251)
(

AA/-\A

OK/0r, = —Xofis3 + M5y + dary + \3[(@® 4 B2)sa(sir + 1sy) + 5183
x(asy + Bsy) + Bsi(arn + fr) + s3] = 0,
8K/0r3 = —((&2 + ﬁ2)>\0 + )\2)/’3 + A1s3 = 0. (13)

The conditions of existence of invariant manifolds for equations (11) may be
obtained by equating the Jacobian of the latter system to zero. The solutions of
the system found under these conditions will be the desired invariant manifolds. In
this problem the Jacobian expression is rather bulky, so its complete analysis is
problematic even with the use of computer algebra tools. Some conditions can be
easily obtained from equations (13).



When A; = 0, A\ = —(a? + 3?)\¢ the last equation of system (13) turns zero.

The system becomes degenerate, and, consequently, the system’s Jacobian is zero.

Having substituted these values for \; and X, into (13) and using the method of

Grobner bases, we have found a series of families of invariant manifolds. You can

see below some of these families:
1

n= P LRI EY <a3a/\353 +Vai(x(a? + %) + D)As (o + %)

X \/31(042 + 52)()\0 — )\35%))\0)\3 S1F alozﬁ/\3532)>,

rh = —m<ﬁ)\353 F \/al(x(a2 -+ 52) -+ 1))\3),
S = %)\3 (aﬁ)@sls’f + \/31(0&2 + 52)()\0 — )\3532))\())\3). (14)

Here a; = (a? + %)( Ao — A352) — a?A3s2, ap = o357 — (a2 + ) \g, a3 =
(062 + 52)2()\0 - )\3512))\0 + 042(062 + 52)()\3512 — 2/\0))\353% + O/U\%S??.

We have also analyzed the set of solutions of system (13) with the use of the
method of Grobner bases. It has also enabled us to obtain additional families of
the invariant manifolds.



The Grobner basis constructed for the equations (13) writes:

(213951 + 313852 + a14153)(a135 + 3136512 + 3136522 + 31065153 + 31055253 + 81325§) =0,
s3(a1a051 + a14253)(a135 + 3136512 + 3136522 + 31065153 1+ 31055253 + a132532) =0,
5:«5(31:-33512 + 813355 + 31085153 + 31075253 + 311053% + 31285125§ + 3725152532
+a1305225§ + 3795153 + 3785253? + 3127S§) =0,
a11851 + d11752 + 311953 + 38151253 + a39515253 + 38052253 + 86251S§ + 81245313532

2 2 2 3 2.3 3 4 4 5
+a715535 + 1015, 5255 + 12153 + 31255153 + A3451525; + A1025153 + arr$2S3 + a12653 = 0,

asgSi + a5513 + a63515 + aigs + a651522 + a63513522 + arss3 + a8651253 + a85f53
+3a451553 + a75135253 + a8552253 + amslsg + a92513532 + 34752532 + a84s§
—I—a495125§3 + a25152533 + a50515§ + a3525§ + aggsgf’ =0,

s3(as551 + asesy + as7ss + ap15283 + a37515,53 + asgssss + a12051532 + a1235135§
+a3352532 + 39855) + 3745125:’3? + 376515§ + 3104S§) = 0,

394512 + ax7s$15 + 354522 + as3S51S3 + 33651353 + 240583 + 3355125253 + 39353?
t-a95525% + a1315 53 + 329515253 + Q995555 + AxgS1Ss + 235253 + Ag7S3
+a735125§ + a75515§’ + a103s36 =0,

53(3122 + 8114512 + 3114522 + 3415153 + a405S3 + 3129532 + 32251253? + 3155152532
+al751533 + a16525§’ + a515§ + ¢91675125§,1 + agslsgs§ + aloslsg’ + alszs;:? + a32536) =0,

adeglr + aa3S1 + 33053 + a5nS + 33051522 + agsS3 + 310951253 + 32451553
+a116s2253 + 38751532 + a6gsfs§ + a11352532 + 389533 + a96512533 + allslszsg’
12605153 + 2135255 + ases; = 0,

azoh + ass3sy + 365Sf + 3195 + 36551522 + ax»S3 + 39151253 + 34551553
+38252253 + 311251$§ + 310053532 + 3905253% + 3265?? + 35951253 + 31251525:?
+a58515§ + 314525§ + 36153? =0,

where a; (i = 1,...,142) are some polynomials in A;, v, 3, and x. The basis has
been obtained under elimination monomial order. The time of constructing the
basis is 5.71 minutes.

System (115) is decomposed into subsystems. We have analyzed these subsystems

separately. A lexicographic Grobner basis has been constructed for each of the
subsystems. As a result, we have found a series of solutions of system (13).

(15)



These solutions represent the families of invariant manifolds for the initial system
of differential equations. Some of these solutions are given below:

B a1 $3 B BA1s3 Ao — A3s3(fn + s3)
o= e 2 T o 33
A1S
3 = —M} when )\2 = O, (16)

(= xaszy/ XA+ a)g = x(3s31/x\2 + a\3 " X183
VxAZ +aNl T a)g VXAZ +aNl T a)g ado T /x)2 + ard’

XO{/\153 Xﬂ/\153

s1=— , Sp = — :
L A F VXN ta o akF \/x>\%+a>\(2)}
o F /XN T and
when Ay = 20T VAT (17)
X

Here a = (a? + 3%)x + 1.



Analysis of Peculiar Properties of Invariant Manifolds

Now, let us analyze peculiar properties of the invariant manifolds obtained. We
will use the technique of enveloping integral. Consider one of the families of
invariant manifolds (17), for example:

(= xaszy/ XA+ a3 " x(s31/x\2 + aA3 I X183
VXAZ 4 aX2 4 a)g VXAZ 4 ad3 4 a)g alo + /x)2 + axd’
XO()\153 Xﬁ)\lsg, } i\ )\0 + \/ X)\% + a)\%
y N2 = )
X

51 = — , SO = —
alo + /XA + aA3 alo + /XA + aA3

Az = 0. (18)

Substitute the values of Ay, A3, which correspond to this family of invariant
manifolds, into the integral K (12):

Ao b /XN an
K = AoVo— M Vy — 20 gxﬁaovz.

Next, compute the derivative of the latter expression with respect to \; and
equate it to zero:

A
OK [N = — V4 — - Vo =0

24/XxX\2 + a3
After some transformations and after substitution of the respective expressions for
the integrals, we have:

24/x02 4+ aX3(sin + o + s313) + M(x(sf + st + 83+ 7+ 15 +r5)=0. (19)

Find the value of this expression on the family of invariant manifolds (18).
Substitute the values of the variables from (18) into the latter equality. As a
result, the equality shall turn into an identity. This means that the family of
invariant manifolds (18)) is peculiar. The latter is valid for all the values of the
parameter A1, for which there exists the invariant manifolds under scrutiny.

Investigation of stability for the family of invariant manifolds (18) has shown
that elements of this family are stable in the sense of Lyapunov when

A>0AXMNF#E0AXx>D0.




Now consider a case when the family of first integrals, which corresponds to the
family of invariant manifolds under investigation, is linear with respect to
parameters A;. In this case, the derivative of the integral K computed with respect
to any of the parameters does not contain the parameter \; needed for
constructing the enveloping integral. If the family of invariant manifolds under
consideration is multiparametric, it is possible to analyze the peculiar properties of
one-parameter subfamilies of such invariant manifolds. Consider this problem for
the family of invariant manifolds (16):

{S _ Oé)\1$3 5 — — B)\153 - )\0 — )\353(ﬁf2 + 53) r— — )\153
@ )N T (@24 ) aMsSs P T (@24 )N
when A\, = 0. (20)

Substitute A, = 0 into K (12). As a result, we have: K = AV — A\ V1 — A\3V3/2.
Find a one-parameter subfamily of the family of invariant manifolds (20). We shall
consider the parameters \y and A3 as functions of ;.

Compute the derivative of the latter expression with respect to A\; and equate it to

zere: oK d\ 1d\
0 3
—=—W-Vi———V3=0. 21
d)\l d)\l 0 ! 2d)\1 3 0 ( )

After some transformations, equality (21) writes:

223(M) (A1 + (2 + 52)Ao(M)Ao(A1)) — (A + (02 + B2)AF(M1))As(M)
2(a? + 1) A5(\1)

=0,

where \j = d\;/d)\;.
Integration of the latter expression gives the following relationship between the
parameters:

A3(A1) = C(A2 + (a® + BH)A3(M\1)), where C is a constant of integration. (22)

The equations of family under consideration, after excluding parameter A3 from
them with the use of relationship (22), define a subfamily of peculiar invariant
manifolds.



The Problem Related to Motion of a System of Vortices

Finally, let us consider the problem of motion of N parallel direct vortex lines
(having intensities «;) in an unbounded volume of an ideal fluid. Motion of such a
system is described by Kirchhoff's equations [9]. We will consider the case when
N = 3. In this case, the equations of motion write:

o= az(y1 — y») 3 az(y1 — ys)
Toan((a — )P+ (- )2 An((a — )2+ (i — ys)?)
% — a1(y1 — y2) _ az(y2 — y3)
T an(0a — )P+ (n -y 4o — ) + (12— 1))
% = 041(}/1 - )/3) I 042()/2 - Y3)
Ar((xa — )2+ (1 —y3)?)  A1(0e —x3)2+ (y2 — ¥3)?)
}_/1 _ 042(X1 — X2) CL/3(X1 — X3)
An((x — x2)? + (1 — y2)?)  4r((xa — x3)? + (1 — ¥3)?)’
P a1(x1 — %) N az(x — x3)
An((a — x)? + (1 —y2)?)  4r((e — x3)2 + (2 — ¥3)?)’
o a1(x — x3) (X — x3) (23)

4r((a —x)2+ (01— )2 4n(0e — ) + (12 — y3)?)
Here (x;, y;) are the Cartesian coordinates for the points of intersection of vortex

lines with the plane perpendicular to them.
The differential equations possess the following first integrals:

1
Vo = —8—7T<CV1042 In (1 — x)* + (1 — y2)?) + awas In ((x1 — x3)* + (y1 — y3)?)
+ aazln((x2 — x3)* + (y2 — y3)2)) = h = const,
Vi = aix1 + apxo + azx3 = ¢ = const, Vo = a1y + anyr + azy3 = ¢ = const,
Vs = a1(6F +y7) + aa(xd + y3) + as(5é + yi) = c3 = const, (24)

We shall consider the problem of finding of peculiar invariant manifolds for the
equations (23). In this problem one of the first integrals is logarithmic.



Finding the Invariant Manifolds

To find the invariant manifolds for the system (23) we introduce the function
1

1
S V7 — 23 Vs, (25)

1
K=4aXVo— =\ Vf —
oVo = 5A1V1 5
where \g, A1, A2, and A3 are some constants.
Write the conditions of stationarity of K with respect to variables x1, x», x3, y1, y»,

and ys:

042(X1 - X2) n 043(X1 - X3) >
T((a —x)?+ (1 —y2)?)  7((a—x3)?+ (1 — y3)?)
—op A1 (aaxy 4+ aoxo + asxz) — ardsxy =0,
a1(x) — x) az(xe — x3)
0K /0xp = ain\ —
[0 = az O(W((Xl —x)?+ 1 —y2)?) m(e—x)?+ (- )/3)2))
—042>\1(051X1 + QoXxo + &3X3) — 052>\3X2 = 0,
ag(x) — x3) az(x2 — x3)
0K /0x3 = az)\
0% = o O(W((Xl —x3)2+ (1 —y3)?)  7((e—x3)*+ (2 — )/3)2))
—&3)\1(Oé1X1 + X + a3X3) — azA\3x3 = 0,
as(y1 — y3) a(y1 — y2)
0K /0y; = —a1 )\ +
/on 10@«n—wtun<m% ﬂm—@y+m—nﬂ>
—apAo(oayr + aoys + azys) — ardsys =0,
a1(y1 — y2) az(y2 — y3)
0K /0y, = an —
oy, ”“Q«m—@kun<ma ﬂ%—a?+@—mm)
—apo(a1yr + oy + azys) — axAsys = 0,

8K/8X1 = —&1)\0<

a1(y1 — y3) a(y2 — y3)
0K /0ys = a3\
/0y %Ocﬂm—@Lﬂm—m%+ﬂ%—&F+m—mm)
—az A (a1yr + aays + asys) — azAzys = 0. (26)

The desired invariant manifolds can be obtained as solutions of the latter system.
In order to obtain the conditions for existence of such solutions of system (26) we
reduce the system to the form:



OzQ(Xl — X2) 043(X1 — X3)
0‘1)‘(’( 2 5y T 2 2
7T((X1 — Xz) + ()/1 — Y2) ) 7T((X1 — X3) + ()/1 — )/3) )
—J,—CV3X3) + aiA3xg = 0,
Oz2>\o( 041(X1 - X2) _ 043(X2 - X3)
(1 — %)+ (1 —y2)?) 70 —x3)?+ (2 — y3)?)
—|—Oé3X3) - 042)\3X2 = O,
(CY1X1 + QioXo + Oé3X3)((041 + o + 043)/\1 + )\3) = O,
041)\o< 043();1 - )/3) g 4 042(};1 - )/2)
(1 —x3)2+ (1 —y3)?) 7((x1—x)?>+ (1 —
+azys) + a1dzy; = 0,
&2A0< a1(y1 — y2) az(y2 — y3)

)2)> + ardo(aayr + oy

) + &1)\1(041X1 + QX2

) — a1 (a1x1 + apxo

— ) — apdo(a1yr + oy

T((a —x)?+ (1 —2)?) (e —x3)? + (2 — y3)?)
+asys) — azdsys =0,
(c1yr + aoys + asys)((o1 + a2 + az) X2 + A3) = 0.

The third and the last of the equations turn zero, when one of the following
conditions hold:

A A A
) A =— : , Ao = — & ;i) A= — & :
a1+ ap + a3 a1+ ap + a3 a1+ ap + a3
A
i) Ay = — E (28)

a1+ ap+az’
In these cases, the system will be degenerate, and, consequently, it will have
invariant manifolds in the capacity of solutions. Conditions (28) are considered as
necessary conditions of existence of invariant manifolds for differential equations
(23).
Substitute one of the conditions (28) into equations (27). These equations will be
reduced to a cubic equation. Solutions of the equation can be easily obtained with
the use of Mathematica tools, but these will be rather bulky. We have obtained
solutions of the cubic equation under various restrictions imposed on the
parameters «;.



You can see below some of the families of solutions obtained:

1 a0 o(araq + a2
an‘%(xl —x)* — a(y2 — y3)° — 105 0(2201 5) =0,

7T>\3
2 a3 (as + v/4ad — 3a3) N\ _0

7T)\3(Odl — &3)81

(xs = x2)° — (2 — y3)

Y

A3

2043.)/1 + (32 - 053)_)/2 - (32 + 043)}/3 = 0 when )\1 = )\2 = ——, Qp = —Q3;

a1

ao(x1 — x)? 200+ 3 )2 a3\
20 + a3 5an + 4az” 3 mA3(a + a3)

:07

asay(x3 — x0)?  a(2an + az)(az + a3)? , N as(ap + az)az)g _

Y3

200 + 3 S5an 4+ 4o A3T
20500 + 4asy; 4+ asys = 0, 2a0vban 4+ dasys + asys = 0
when \; = —L, a1 = Q.

2010 + Qi3

0,

(29)

(30)

(31)

2.2 2 2
— 0
a3x3 + aa(y1 — y2)” + hadn ;
4 2 4
9 9 042((36 + 042)043 — 20&2 9 042053(052 — 36))\0
_ —0
Qzarxy + P (y3 y2) + pye ,
20é§X1 + ((36 — 042)043 — 20&%)X3 =0, 2042X2 + 042((36 + Oéz)Oég, — 204%)X3 =0
A
when M\, = ——3, a1 = —oo.
a3
Here a; (i =1,...,7) are some expressions of o; (j = 1,2, 3).

These solutions represent the families of invariant manifolds for the initial
differential equations.



Analysis of Peculiar Properties of Invariant Manifolds

Here we have also employed our technique for the analysis of peculiar properties of
the families of invariant manifolds. Consider, for example, the family of invariant
manifolds (29):

1 a102 (@ + o2
—31&§(X1 - X2)2 - ao()’z - )/3)2 - =3 0( cat 3) =0,
2 TA3
2 2 2

5 ,  aqas(as + /4ot — 3a35) N
X3 — X - - + — 07
( 3 2) ()/2 )/3) 7T/\3(CY1 — 043)31

A
2043}/1 —+ (32 — 053)_)/2 — (a2 + 053))/3 =0 when \{ = \» = _04_37 oy = —Q3. (32)
1

Substitute the values of parameters A\; and \; into K (25). As a result, we have
2K = —8\Vy + ﬁvf + ﬁv; — A3 V5.
a aq
The latter expression represents a combination of first integrals, which is linear
with respect to the parameters. The partial derivative K computed with respect
to A3 (or Ag) does not contain the parameter needed for constructing the
enveloping integral.

Find the relationship between the parameters Ao, A3, under which the subfamily of
invariant manifolds (32) is peculiar.

We will consider the parameter A3 as a function of \g. Compute the partial

derivative of K with respect to Ao:

oK d)s d\s  , d\;
27— gV 4+ 3 278 2 I8
Oz 8Vo + ard g ardhg 2 d)g

After some transformations, the latter expression writes:

(X%AOA?:()\O) —In (2—a1a3/27r7_‘_—a§/27r (20&% — 043(043 + \/404% — 304%))041(13/27r
27T>\3()\0) (051 + &3)2

V12 + V3 — 0

y ( B ozloz§/\0 )a§/27f) _ 0
(oz% —a1(2a1 — \/404% — 30%)))\3()\0)



The expression obtained will be considered as a differential equation with respect
to A\3. Using the Mathematica function “DSolve”, we have found the solution of
this equation:

1

. a1/
e%eql] . 1a1a3(a1 + a3)” 200 /03 (a — —043 a3 + \/4ad — 3a3 ) A )
m(a3 — a1(201 — \/4af — 30a3) |

where C[1] is a constant of integration.
So, when the latter relationship between the parameters A\g and A3 takes place,
the corresponding subfamily of the family of invariant manifolds (32) is peculiar.

Similar results have been obtained for the families of invariant manifolds (30),
(31).

A3(Ng) = — (
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