
��

��

A
n
a
ly
tic
so
lu
tio
n
s
o
f
lin
e
a
r
d
i�
e
r
e
n
c
e

e
q
u
a
tio
n
s�
fo
r
m
a
l
se
r
ie
s�
a
n
d
b
o
tto
m

su
m
m
a
tio
n

S
�
A
�
A
b
r
a
m
o
v

R
u
ssia
n
A
c
a
d
e
m
y
o
f
S
c
ie
n
c
e
s

D
o
r
o
d
n
ic
y
n
C
o
m
p
u
tin
g
C
e
n
tr
e

M

�
P
e
t
k
o
v
�s
e
k

U
n
iv
e
r
sity
o
f
L
ju
b
lja
n
a

F
a
c
u
lty
o
f
M
a
th
e
m
a
tic
s
a
n
d
P
h
y
sic
s

�



��

��

d
i�
e
re
n
c
e
o
p
e
ra
to
rs

L
et
E
b
e
th
e
sh
ift
op
erator
su
ch
th
at
E
�f
�k
��
�
f
�k
�
��
for

seq
u
en
ces
f
�k
�
w
h
ere
k
�
Z
�
an
d
E
��
�z
��
�
�
�z
�
��
for
an
aly
tic

fu
n
ction
s�
z
�
C
�
L
et

L
�
a
d �k
�E
d
�
���
�
a
� �k
�E
�
a
� �k
�
�
C
�k
��E
	�

�



��

��

a
su
m
m
in
g
o
p
e
ra
to
r

W
e
say
th
at
an
op
erator
R
�
C
�k
��E
	
is
a
su
m
m
in
g
op
erator
for
L

if

�E
�
��
�
R
�
�
�
M

�
L

���

for
som
e
M

�
C
�k
��E
	�
W
e
can
assu
m
e
w
�l�g�
th
at

ord
R
�
ord
L
�
�
�
d
�
�


R
�
r
d
�

� �k
�E
d
�

�
�
���
�
r
� �k
�E
�
r
� �k
�
�
C
�k
��E
	�

�



��

��

th
e
d
isc
re
te
N
e
w
to
n
�L
e
ib
n
iz
fo
rm
u
la

If
a
su
m
m
in
g
op
erator
ex
ists�
th
en
it
can
b
e
con
stru
cted
b
y
th
e

A
ccu
rate
S
u
m
m
ation
algorith
m
�A
b
ram
ov
�
van
H
o
eij�
����	
or�

w
h
en
d
�
��
b
y
G
osp
er�s
algorith
m
�G
osp
er�
��
�	�
A
t
�
rst
glan
ce�

in
th
ose
cases
w
h
ere
R
�
C
�k
��E
	
ex
ists�
eq
u
ality
���
gives
an

op
p
ortu
n
ity
to
u
se
th
e
d
iscrete
N
ew
ton
�L
eib
n
iz
form
u
la
�D
N
L
F
�

w
�

�

Xk
�
v

f
�k
�
�
g
�w
�
�
g
�v
�

for
all
in
tegers
v
�
w
�
an
d
for
an
y
seq
u
en
ce
f
su
ch
th
at
L
�f
�
�
��

tak
in
g
g
�
R
�f
��

�



��

��

In
d
eed
�
w
e
can
ap
p
ly
b
oth
sid
es
of
�E
�
��
�
R
�
�
�
M

�
L
to
f
�

T
h
is
gives

�E
�
���R
�f
��
�
f
�
M
�L
�f
���

S
et
g
�
R
�f
��
T
ak
in
g
in
to
accou
n
t
th
at
L
�f
�
�
�
w
e
get

�E
�
��g
�
f
�

or

g
�k
�
��
�
g
�k
�
�
f
�k
��

an
d
�
as
a
con
seq
u
en
ce�
th
e
D
N
L
F
is
ap
p
licab
le


w
�

�

Xk
�
v

f
�k
�
�
g
�v
�
��
�
g
�v
��
g
�v
�
��
�
g
�v
�
���
����
g
�w
�
�
g
�w
�
��

�
g
�w
�
�
g
�v
�

�th
e
telescop
in
g
e�
ect��

�



��

��

h
o
w
e
v
e
r���

H
ow
ever�
it
w
as
sh
ow
n
th
at
if
R
h
as
ration
al�fu
n
ction
co
e�
cien
ts

w
h
ich
h
ave
p
oles
in
Z
�
th
en
th
is
form
u
la
m
ay
give
an
in
correct

resu
lt
�an
ex
am
p
le
w
ill
b
e
d
em
on
strated
b
elow
��
T
h
is
gives
rise
to

d
efects
in
m
an
y
im
p
lem
en
tation
s
of
su
m
m
ation
algorith
m
s�

�



��

��

E
x
a
m
p
le
�
C
o
n
sid
er
th
e
sequ
en
ce

f
�k
�
� �

�
k
�

�
k �

�
k

w
h
ich
sa
tis�
es
th
e
�
rst
o
rd
er
equ
a
tio
n

��k
�
���k
�
��f
�k
�
��
�
��
k
�
���k
�
��f
�k
�
�
��

T
h
o
u
gh
G
o
sper�s
a
lgo
rith
m
su
cceed
s
o
n
th
is
sequ
en
ce�
p
rod
u
cin
g

R
�k
�
�
�
k
	k


�
�

k
�

�

�
a
n
d
f
�k
�
is
d
e�
n
ed
fo
r
a
ll
k
�
Z
�
th
e
d
iscrete

N
ew
to
n
�L
eibn
iz
fo
rm
u
la

w
�

�

Xk
�
�

f
�k
�
�
R
�w
�f
�w
�
�
R
���f
���
�

�
w
�w
�
�� �
�
w
�

�

w

�

�w
�
���
w

is
n
o
t
co
rrect�
if
w
e
a
ssu
m
e
th
a
t
th
e
va
lu
e
o
f �
�
k
�

�
k �
is
�
w
h
en

k
�
�
a
n
d
�
�
w
h
en
k
�
�
�a
s
is
co
m
m
o
n
p
ra
ctice
in
co
m
bin
a
to
rics�

th
en
th
e
exp
ressio
n
o
n
th
e
righ
t
gives
th
e
tru
e
va
lu
e
o
f
th
e
su
m
o
n
ly

a
t
w
�
��

�



��

��

S
u
p
p
ose
th
at
L
acts
on
an
aly
tic
fu
n
ction
s


L
�
a
d �z
�E
d
�
����
a
� �z
�E
�
a
� �z
�
�
C
�z
��E
	�

W
e
con
sid
er
th
e
su
m
m
in
g
op
erator
�if
it
ex
ists�
in
th
e
form

R
�
r
d
�

� �z
�E
d
�

�
�
���
�
r
� �z
�E
�
r
� �z
�
�
C
�z
��E
	�

L
et
�
�z
�
b
e
a
m
erom
orp
h
ic
solu
tion
of
L
�y
�
�
��

B
u
t
it
tu
rn
s
ou
t
th
at
if
�
�z
�
h
as
n
o
p
ole
in
Z
�
th
en
R
��
��z
�
h
as
n
o

p
ole
in
Z

as
w
ell�
an
d
w
e
can
u
se
th
e
D
N
L
F
to
su
m
valu
es
�
�k
�
for

k
�
v
�v
�
�
����
�w
�






��

��

S
o
su
ch
u
n
d
esirab
le
p
h
en
om
en
a
d
em
on
strated
in
E
x
am
p
le
�
can
n
ot

o
ccu
r
if
th
e
elem
en
ts
of
th
e
seq
u
en
ce
u
n
d
er
su
m
m
ation
are
th
e

valu
es
�
�k
��
k
�
Z
�
of
an
an
aly
tic
fu
n
ction
�
�z
��
w
h
ich
satis�
es
�in

th
e
com
p
lex
p
lan
e
C
�
th
e
sam
e
d
i�
eren
ce
eq
u
ation
w
ith
p
oly
n
om
ial

co
e�
cien
ts
as
d
o
es
th
e
origin
al
seq
u
en
ce
�at
in
teger
p
oin
ts��

�



��

��

T
h
is
follow
s
from
a
stron
ger
statem
en
t�
T
h
e
fact
is
th
at
even
if

�
�z
�
h
as
som
e
p
oles
in
Z
�
th
e
su
m
m
ation
task
can
n
everth
eless
b
e

p
erform
ed
correctly�

�
�



��

��

th
e
d
e
p
th
a
n
d
th
e
b
o
tto
m

o
f
a
m
e
ro
m
�
fu
n
c
tio
n

F
or
an
y
k
�
Z

th
e
fu
n
ction
�
�z
�
can
b
e
rep
resen
ted
b
y
L
au
ren
t�s

series

�
�z
�
�
c
k
��
k �z
�
k
�
�
k

�
c
k
��
k



� �z
�
k
�
�
k


�
�
���

w
ith
�
k
�
Z

an
d
c
k
��
k

��
��
If
L
��
�
�
��
th
en
th
ere
ex
ists
th
e

m
in
im
al
elem
en
t
�
in
th
e
set
of
all
�
k �
k
�
Z
�

T
h
is
�
w
e
call
th
e
d
ep
th
of
�
�z
�
an
d
d
en
ote
it
as
d
ep
th
��
��

W
e
asso
ciate
w
ith
�
�z
�
th
e
seq
u
en
ce
f
�k
�
su
ch
th
at
f
�k
�
�
c
k
��
k

if

�
k
�
�
�
an
d
f
�k
�
�
�
oth
erw
ise�
T
h
is
f
�k
�
w
e
call
th
e
bo
tto
m
of

�
�z
�
an
d
d
en
ote
it
as
b
ott��
��

�
�



��

��

W
e
illu
strate
th
e
in
tro
d
u
ced
n
otion
s
b
y
th
e
follow
in
g
sim
p
le

ex
am
p
le�

It
is
w
ell
k
n
ow
n
th
at
�
�z
�
h
as
�
n
ite
valu
es
w
h
en
z
�
�
��
�����
an
d

h
as
sim
p
le
p
oles
w
h
en
z
�
�
��
�
��
�
�����

W
e
h
ave

d
ep
th
��
�
�
�
�
�

an
d

b
ott��
��k
�
� ���
�
�

if
k
�
�
�

	
�

�
�
k
�
�

	
�

k
�

�
�� �

if
k
�
�
�

If
w
e
con
sid
er
�
�z
�
on
ly
in
th
e
h
alf�p
lan
e
R
ez
�
��
th
en
its
d
ep
th
is

��
an
d
th
e
b
ottom
is
th
e
seq
u
en
ce

f
�k
�
�
�k
�
����
k
�
�
��
����
�

�
�



��

��

p
ro
p
e
rtie
s
o
f
th
e
d
e
p
th
a
n
d
th
e
b
o
tto
m

P
r
o
p
o
sitio
n
�
L
et
L
��
�
�
��
T
h
en

L
�b
ott��
��
�
�
�

P
r
o
p
o
sitio
n
�
L
et
L
��
�
�
��
a
n
d
R
be
a
su
m
m
in
g
o
pera
to
r
fo
r
L
�

T
h
en

d
ep
th
��
�
�
d
ep
th
�R
��
���

�
�



��

��

th
e
m
a
in
re
su
lt
�th
e
b
o
tto
m

su
m
m
a
tio
n
�

T
h
e
o
r
e
m

�
�O
n
th
e
b
ottom
su
m
m
ation
��
L
et
L
��
�z
��
�
��
a
n
d
R

be
a
su
m
m
in
g
o
pera
to
r
fo
r
L
�
L
et
�
�z
�
�
R
��
�z
���

T
h
en
th
e
b
ottom
su
m
m
ation
fo
rm
u
la

w
�

�

Xk
�
v

b
ott��
��k
�
�
b
ott��
��w
�
�
b
ott��
��v
�

is
va
lid
fo
r
a
n
y
v
�
w
�
In
pa
rticu
la
r�
if
�
h
a
s
n
o
po
le
in
Z

�i�e��

d
ep
th
��
�
�
���
th
en
th
e
fu
n
ctio
n
�
�z
�
h
a
s
n
o
po
le
in
Z
�
a
n
d
th
e

d
iscrete
N
ew
to
n
�L
eibn
iz
fo
rm
u
la

w
�

�

Xk
�
v

�
�k
�
�
�
�w
�
�
�
�v
�

is
va
lid
fo
r
a
n
y
v
�
w
�

�
�



��

��

E
x
a
m
p
le
�
con
tin
u
ed
�
A
ssu
m
e
th
a
t
th
e
va
lu
e
o
f �
�
k
�

�
k �
is
d
e�
n
ed

a
s

lim
z
�

k

�
��
z
�
��

�
�z
�
���
�z
�
�� �

���

th
is
is
a
n
a
tu
ra
l
exten
sio
n
o
f
th
e
fo
rm
u
la

�
�
k
�
�

k

�
�

��
k
�
���

k
��k
�
���

fo
r
a
ll
k
�
Z
�

S
et

�
�z
�
�

�
��
z
�
��

�
�z
�
���
�z
�
���
z
�

a
n
d

�
�z
�
�
�
z
�z
�
��

z
�
�

�
�z
��

L
im
it
�	
�
exists
fo
r
a
ll
k
�
Z
�
a
n
d
d
ep
th
��
�
�
��

�
�



��

��

T
h
en
th
e
D
N
L
F
gives
th
e
co
rrect
resu
lt

w
�

�

Xk
�
�

�
��
k
�
��

�
�k
�
���
�k
�
���
k

�

�
w
�w
�
���
��
w
�
��

�w
�
���
�w
�
���
�w
�
���
w
�

w
�
�
��
�����

�
�



��

��

E
a
rlier
w
e
a
ssu
m
ed
th
a
t
th
e
va
lu
e
o
f �
�
k
�

�
k �
is
�
w
h
en
k
�
�
a
n
d

�
�
w
h
en
k
�
�
�a
s
is
co
m
m
o
n
p
ra
ctice
in
co
m
bin
a
to
rics��
H
o
w
ever

lim
z
�

�

�
��
z
�
��

�
�z
�
���
�z
�
��
�
��
��
�

a
n
d

lim
z
�

�

�
��
z
�
��

�
�z
�
���
�z
�
��
�
�
��
��
�
�
�

T
h
is
exa
m
p
le
d
em
o
n
stra
tes
a
co
n


ict
betw
een
co
m
bin
a
to
ria
l
a
n
d

a
n
a
lytic
d
e�
n
itio
n
s
o
f
th
e
sym
bo
l �
pq ��

�
�



��

��

E
x
a
m
p
le
�
T
h
e
fu
n
ctio
n
�
�z
�
�
z
�
�z
�
��
sa
tis�
es
th
e
equ
a
tio
n

L
�y
�
�
�
w
h
ere
L
�
z
E
�
�z
�
��
��
W
e
h
a
ve
R
�
�z
�
ord
R
�
��
a
n
d

�
�z
�
�
R
��
��z
�
�
�
�z
�
���
E
vid
en
tly
�
�z
�
h
a
s
�
n
ite
va
lu
es
w
h
en

z
�
�
��
�����
a
n
d
h
a
s
sim
p
le
po
les
w
h
en
z
�
�
�
��
�
�����
W
e
h
a
ve

d
ep
th
��
�
�
d
ep
th
��
�
�
�
�
a
n
d

b
ott��
��k
�
� ���

	
�

�
�
k
�
�
k

	
�

k
�

�
��
�

if
k
�
�
�

�
�

if
k
�
�
�

b
ott��
��k
�
� ���

	
�

�
�
k
�
�

	
�

k
�

�
�� �

if
k
�
�
�

�
�

if
k
�
�
�

�





��

��

T
h
e
bo
tto
m
su
m
m
a
tio
n
gives
u
s

w
�

�

Xk
�
v

��
��
k
k

��
k
�
���
�

��
��
w

��
w
�
���
�

��
��
v

��
v
�
���

fo
r
a
n
y
v
�
w
�
��
o
r
equ
iva
len
tly

w
�

�

Xk
�
v

��
��
k
k

�k
�
���
�
��
��
w


�

�w
�
���
�
��
��
v


�

�v
�
���

fo
r
a
n
y
�
�
v
�
w
�

�
�



��

��

If
w
e
co
n
sid
er
�
�z
�
in
th
e
h
a
lf�p
la
n
e
R
e
z
�
��
th
en

d
ep
th
��
�
�
d
ep
th
��
�
�
��
a
n
d
w
e
h
a
ve

w
�

�

Xk
�
v

k
�
�k
�
��
�
�
�w
�
��
�
�
�v
�
��

fo
r
a
n
y
�
�
v
�
w
o
r�
equ
iva
len
tly�

w
�

�

Xk
�
v

k
�
k
�
�
w
�
�
v
��

�
�



��

��

E
x
a
m
p
le
�
T
h
e
ra
tio
n
a
l
fu
n
ctio
n
�
�z
�
�

�

z
	z


�
�
sa
tis�
es
th
e

equ
a
tio
n
L
�y
�
�
�
w
h
ere
L
�
�z
�
��E
�
z
�
W
e
h
a
ve
R
�
�
z
�
��

a
n
d
�
�z
�
�
R
��
��z
�
�
�
�z
�
It
is
ea
sy
to
see
th
a
t

d
ep
th
��
�
�
d
ep
th
��
�
�
�
�
a
n
d

b
ott��
��k
�
� �������

�
�

if
k
�
�
�

�
�
�

if
k
�
�
�
�

�
�

oth
erw
ise
�

b
ott��
��k
�
� ���
�
�
�

if
k
�
�
�

�
�

oth
erw
ise�

A
sim
p
le
d
irect
ch
eck
sh
o
w
s
th
a
t
fo
r
a
n
y
v
�
w

w
�

�

Xk
�
v

b
ott��
��k
�
�
b
ott��
��w
�
�
b
ott��
��v
��

�
�



��

��

If
w
e
co
n
sid
er
�
�z
�
o
n
ly
in
th
e
h
a
lf�p
la
n
e
R
e
z
�
��
th
en

d
ep
th
��
�
�
d
ep
th
��
�
�
��
a
n
d
w
e
h
a
ve

w
�

�

Xk
�
v

�

k
�k
�
��
�
�
�w

�
�v

fo
r
a
n
y
�
�
v
�
w
�

�
�



��

��

a
n
e
x
a
m
p
le
re
la
te
d
to
th
e
c
a
se
o
r
d
L

�

�

E
x
a
m
p
le
�
F
o
r
th
e
seco
n
d
�o
rd
er
o
pera
to
r

L
�
�z
�
���z
�
���z
�
��E
�
�
�z
�
���z
�
�
�
z
�
��E
�
�z
�
��
�

th
ere
exists
th
e
�
rst�o
rd
er
su
m
m
in
g
o
pera
to
r

R
�
z
E
�

�
z
�
�
�

It
fo
llo
w
s
fro
m
resu
lts
o
f
M
�B
a
rka
to
u
th
a
t
th
e
equ
a
tio
n
L
�y
�
�
�

h
a
s
so
lu
tio
n
s
h
o
lo
m
o
rp
h
ic
in
th
e
h
a
lf�p
la
n
e
R
e
z
�
��
D
en
o
te
by

�
�z
�
a
n
a
rbitra
ry
so
lu
tio
n
o
f
th
is
kin
d
�
B
y
o
u
r
th
eo
rem
th
e
D
N
L
F

m
u
st
be
co
rrect
fo
r
�
�
v
�
w
in
sp
ite
o
f
th
e
fa
ct
th
a
t
o
n
e
o
f
th
e

coe�
cien
ts
o
f
R
h
a
s
a
po
le
a
t
z
�
��

�
�



��

��

W
e
ca
n
�
n
d
th
e
va
lu
es
o
f
�
�z
�
a
n
d
o
f
�
�z
�
�
R
��
��z
�
w
h
en
z
�
��

A
n
a
lgo
rith
m
o
f
A
bra
m
o
v
a
n
d
va
n
H
oeij
yield
s

�
�z
�
�
��
���
�
�
�
�����z
�
��
�
O
��z
�
��
���
z
�

�
�

th
a
t
gives
�
���
�
��
�
���
�
�
�
���
�
�
�
����
T
h
is
va
lu
e
o
f
�
���
ca
n

be
u
sed
in
th
e
D
N
L
F
w
h
en
�
�
v
�
w
�

�
�



��

��

c
o
n
c
lu
sio
n
s

��
In
d
iscrim
in
ate
ap
p
lication
of
th
e
d
iscrete
N
ew
ton
�L
eib
n
iz

form
u
la
to
th
e
ou
tp
u
t
of
G
osp
er�s
algorith
m
or
of
th
e
A
ccu
rate

S
u
m
m
ation
algorith
m
in
ord
er
to
com
p
u
te
a
d
e�
n
ite
su
m
can
lead

to
in
correct
resu
lts�
T
h
is
can
b
e
ob
served
in
m
an
y
im
p
lem
en
tation
s

of
th
ese
algorith
m
s
in
com
p
u
ter
algeb
ra
sy
stem
s�

�
�



��

��

��
In
th
is
p
resen
tation
it
is
sh
ow
n
�
in
p
articu
lar�
th
at
su
ch

u
n
d
esirab
le
p
h
en
om
en
a
can
n
ot
o
ccu
r
if
th
e
elem
en
ts
of
th
e

seq
u
en
ce
u
n
d
er
su
m
m
ation
are
th
e
valu
es
�
�k
��
k
�
Z
�
of
an

an
aly
tic
fu
n
ction
�
�z
��
w
h
ich
satis�
es
�in
th
e
com
p
lex
p
lan
e
C
�
th
e

sam
e
d
i�
eren
ce
eq
u
ation
w
ith
p
oly
n
om
ial
co
e�
cien
ts
as
d
o
es
th
e

origin
al
seq
u
en
ce
�at
in
teger
p
oin
ts��

A
p
ractical
con
seq
u
en
ce
of
th
is
is
as
follow
s�
If
th
ese
con
d
ition
s
are

satis�
ed
�
th
en
a
com
p
u
ter�algeb
ra�sy
stem
u
ser
can
b
e
su
re
th
at
th
e

ob
tain
ed
su
m
w
as
com
p
u
ted
correctly�

�
�



��

��

��
O
n
th
e
m
ore
th
eoretical
sid
e�
if
�
�z
�
m
en
tion
ed
ab
ove
h
as
som
e

p
oles
at
in
teger
p
oin
ts�
th
en
n
everth
eless
on
e
can
�
n
d
th
e
su
m
of
a

seq
u
en
ce
w
h
ich
�
h
ow
ever�
is
n
ot
th
e
seq
u
en
ce
of
valu
es
of
�
�k
��

k
�
Z
�
b
u
t
is
asso
ciated
w
ith
�
�z
�
in
a
n
atu
ral
w
ay�
T
h
is
can
y
ield

an
in
terestin
g
�an
d
�
p
rob
ab
ly�
u
n
ex
p
ected
�
id
en
tity�
W
e
call
th
is

seq
u
en
ce
asso
ciated
w
ith
�
�z
��
th
e
bo
tto
m
of
�
�z
��
If
�
�z
�
is

d
e�
n
ed
for
all
z
�
Z

th
en
its
b
ottom
coin
cid
es
w
ith
th
e
seq
u
en
ce

�
�k
��
k
�
Z
�

�
�


