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How to compute polynomial GCDs

m Euclidean Algorithm

Eculidean algorithm for polynomials f(x) and g(x) over reals.

function GCD(f(x), g(x))
if g(x) =0 return f(x)
else return GCD( g(x), remainder of f(x) by g(x))

m QR factoring of Sylvester matrix
The usual subresultant mapping isimportant. See the next dlide...

m Lots of other powerful approximate algorithms
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QR factoring of Sylvester matrix

Sylvester matrix of the following f(x) and g(x) :
fO) = fo XN+ frog X1 oo+ X+ o,
9(X¥) = Gm X"+ Gm-1 X+ - + g1 X+ Q.

Syl(f, g) =

fooi - f1 g O
fn fn_l fl fO
0 fn fn—l f1
Om Om-1 g G O

0O Om On1 -+ O

Jo

WEell known relation between GCD and QR factoring of Sylvester

matrix.

The last non-zero row vector of R where Syl(f, g) = QR,

Isthe coefficient vector of GCD of f(x) and g(x).
(See: Laidacker, M.A. , 1969 and others)
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Subresultant mapping
Subresultant mapping S of fp(x) and f1(X)
_ Pri—r-1 X Pro-r-1 —  Phno+ni—r-1
& { (Up, Uy) — U fo+Up f

fo(X) = fO,no X0 4+ ...+ fO,l X+ f0,0

where {

fl(X) = fl,nl XM+ .+ fl,l X+ fl,O

= Sylvester subresultant matrix S,(fo, f;)

S(fo, f1) = (Cno—r(fl) Ch,—r(fo) )

where Cy(p) isak-th convolution matrix of p(x)
and S(fo, fy) isthetranspose of Sylvester matrix of fo(X) and f1(x).
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Convolution matrix

k-th convolution matrix of polynomial p(x).
Pn O - 0 0
Ph-1 Pn : :
: Pho1 - O :
Po Pn 0
R T
: o - Pn-1
: : . Po :
0 O - 0 Do
where p(X) = pn X" + -+ + pP1 X+ Po.

m Subresultant mapping and Sylvester matrix
Pnl—r—l X Pno—r—l — Pn0+n1—r—1
S { (uo, Ul) > Ujp fo + Ug fl

S(fo 1) = (Cror(f) Core(fo) ), Sy(for f1) = 'Syl (Fo, i)
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Subresultant mapping and GCD

W)eII known fact (see Rupprecht, D. (1999) and so
on
(1) If r isthelargest integer that

the subresultant mapping S is not
Injective,
f we can compute the GCD of fp(X) and fy(X)
rom

the right null vector of S(fp, f1).
(2) Thedimension of the null spaceis

the degree of the polynomial GCD.
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Ruppert criterion

Reducibility of bivariate polynomials (Ruppert, W.M., 1999)

f(X, y) isabsolutely irreducible
<« thefollowing differential equation
does not have any non-trivial solutions g(x, y) and h(x, y).

ag o f o f oh
f-- —-g--+h-- —f-- =0, g heCxy
oy oy 0X 0 X
with degree constraints:
deg,g=< deg, f -1, degygs degyf,
deg,h= deg, f, deg h=< deg f-2

m Newton polytope ver. by Gao, S. and Rodrigues, V.M. (2003)
m Multivariate version by May, J.P. (2005)
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Ruppert matrix R(f)

= The differential equation w.r.t. g(x, y) and h(x, y)
—> a linear equation w.r.t. unknown coefficients.

a9 of of oh

f-- -—g-- +h-- —f-- =0, g, heC[x Y],
ay oy 0 X 0X
deg,g= deg, f-1, deg,g=< deg,f,
deg,h=< deg, f, deg h=< deg, f -2

R(f) t( coefficient vectors of g, h) =0

m SVD of Ruppert matrix: irreducibility radius.
m Ruppert matrix depends term orders: lexicographic in this talk.
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Factoring with Ruppert and Gao’s matrix

m Known Algorithms using Corollary 1

Corollary 1

For agiven f(x, y) € C[x, y] that is square-free over C(y),
the dimension (over C) of the null space of R(f) isequal to
"(the number of absolutely irreducible factorsof f(x, y) over
C) -1".

and others by Kaltofen, Gao and so on.

m Correction: Corollary 1 from John May’ s t hesi s.

Katofen, E., May, J., Yang, Z., and Zhi, L.
Approximate factorization of multivariate polynomials using singular value decomposi-
tion. Manuscript, 22 pages. Submitted, Jan. 2006.
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Purpose of this talk

m GCD and Factorization
Primitive operations in Symbolic (and Numeric) computations.

m Common Properties
Can be computed by some matrix decompositions.

m Sylvester and Ruppert matices
|s there any relation between them?
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How to link them

f(x, y) = fo¥) + f1(X) y
m f(x, y) isreducibleif fp(x) and fi(x) have anon-trivia GCD.
m f(Xx, y) isirreducibleif they don’t have any non-trivial GCD.

Coprimenessof fo(x) and fi(X) can betested
by arank deficiency of their Sylvester matrix.

Irreducibility of f(x, y) = fo(X) + f1(X) y can be tested
by arank deficiency of its Ruppert matrix.

[Preve] [=Next ]
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Simple Result

Lemmal

For any polynomials fo(x) and f1(x),
the Sylvester matrix of fo(X) and f1(x)
and the Ruppert matrix of f(X, y) = fo(X) + f2(X) y
have the same information for computing their GCD,
with the Ruppert’ s original differential equation and degree
constraints.

The proof isin the proceedings.
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Simple Result (Sylvester and Ruppert)

fab fa4 fa3 fa2 fal fa0 O 0 0 0
0 fab fa4 fa3 fa2 fal fa0 O 0 0
0 0 fab5 fa4 fa3 fa2 fal fa0 O 0
0 0 0 fab fa4 fa3 fa2 fal fa0 O
0 0 0 0 fa5 fa4 fa3 fa2 fal fa0
fb5 fb4 fb3 fb2 fbl fb0 O 0 0 0
0 fb5 fb4 fb3 fb2 fbl fb0O O 0 0
0 0 fb5 fb4 fb3 fb2 fbl fb0 O 0
0 0 0 fb5 fb4 fb3 fb2 fbl fb0o O
0 0 0 0 fb5 fb4 fb3 fb2 fbl fbo
0 fab 0 fa4 0 fa3 0 fa2z 0O fal 0O fa0 O 0 0 0 0 0 0 0
0 -fb5 0 -fb4 0 -fb3 0 -fb2 0 -fbl O -fb0O O 0 0 0 0 0 0 0
0 0 0 fab 0 fa4 0O fa3 0 fa2z 0O fal 0O fa0 O 0 0 0 0 0
0 0 0 -fb5 0 -fb4 0 -fb3 0 -fb2 0 -fbl O -fbO O 0 0 0 0 0
0 0 0 0 0O fab 0 fa4d 0 fa3 0 fa2 0 fal O fa0 O 0 0 0
0 0 0 0 0 -fb5 0 -fb4 0 -fb3 0 -fb2 0 -fbl O -fb0 O 0 0 0
0 0 0 0 0 0 0 fab 0 fa4d 0O fa3 0 fa2z 0 fal O fa0 O 0
0 0 0 0 0 0 0 -fb5 0 -fb4 0 -fb3 0 -fb2 0 -fbl O -fb0 O 0
0 0 0 0 0 0 0 0 0 fab 0 fa4d 0O fa3 0 fa2z 0 fal O fa0
0 0 0 0 0 0 0 0 0 -fb5 0 -fb4 0 -fb3 0 -fb2 0 -fbl O -fbO
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Alternative Result 1

Theorem 1

The polynomia GCD of fp(x) and f1(X) can be computed by Singular
Vaue Decomposition (SVD) of Ruppert matrix of

f(X, y) = fo(x) + f1(x) y with the J.P.May’ s differential equation and
degree constraints, if f(x, y) issquare-free over C(y).

The proof isin the proceedings.

m Difference between Ruppert and May’s
of of oh

_g-— +h— —f — -0,

oy X X
g < degyf -1, degyg =< degy,f,
h< degyf, degyh=< degy,f -2

[Preve] [=Next ]
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Alternative Result 1(Ruppert with May)

0 0 0 0 0 0 0 0 0 0 0 0 0 0
-fb4 b5 0 0 0 0 0 0 0 0 0 0 0 0
-2fb3 0 2fb5 0 0 0 0 0 0 0 0 0 0 0
-3fb2 -fb3 fbh4 3fb5 O 0 0 0 0 0 0 0 0 0
-4fbl -2fb2 0 2fb4 4fb5 0 0 0 0 0 0 0 0 0
-5fb0 -3fbl -fb2 b3 3fb4 5fb5 0 0 0 0 0 0 0 0
0 -4fb0 -2fbl O 2fb3 4fb4 O 0 0 0 0 0 0 0
0 0 -3fb0 -fbl fb2 3fb3 0 0 0 0 0 0 0 0
0 0 0 -2fb0 O 2fb2 0 0 0 0 0 0 0 0
0 0 0 0 -fb0 fbl O 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
-fad fab 0 0 0 0 -fa5 0 0 0 fb5 0 0 0
-2fa3 0 2fa5 0 0 0 -fa4d -fa5 0 0 fb4a fb5 O 0
-3fa2 -fa3 fa4 3fab 0 0 -fa3 -fa4 -fas 0 fb3 fb4 fb5 O
-4fal -2fa2 O 2fad 4fab 0 -fa2 -fa3 -fa4 -fa5 fb2 fb3 fb4 fbbs
-5fa0 -3fal -fa2 fa3 3fa4d 5fab -fal -fa2 -fa3 -fa4d fbl fb2 fb3 fb4
0 -4fa0 -2fal O 2fa3 4fa4 -fa0 -fal -fa2 -fa3 fb0 fbl fb2 fb3
0 0 -3fa0 -fal fa2 3fa3 0 -fa0 -fal -fa2 0 fbo fbl fb2
0 0 0 -2fa0 0 2fa2 0 0 -fa0 -fal 0 0 fbo fbl
0 0 0 0 -fa0 fal O 0 0 -fad0 0 0 0 fbo
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Alternative Result 2

Theorem 2

The polynomia GCD of fp(x) and f1(x) can be computed by QR
factoring of the transpose of the last 3 ngy rows of their Ruppert matrix
R(f) = R(fo(X) + f1(X) y) with J.P.May’ s equation.

The last non-zero row vector of the triangular matrix is the coefficient
vector of their polynomial GCD.

The proof isin the proceedings.
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Alternative Result 2(Last 3ng rows)

0 0
-fb4 fb5
-2fb3 0
-3fb2 -fb3
-4fbl -2fb2
-5fb0 -3fbl
-4fbo

o

O O O O

-fa4d fab
-2fa3 0
-3fa2 -fa3
-4fal -2fa2
-5fa0 -3fal

o O o
o
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0 0 0 0 0
0 0 0 0 0
2fb5 0 0 0 0
f b4 3fb5 O 0 0
0 2fb4  4fb5 O 0
-fb2 b3 3fb4 5fb5 0
-2fbl O 2fb3 4fbd O
-3fb0 -fbl fb2 3fb3 0
0 -2fb0 0 2fb2 0
0 0 -fb0 fbl 0
0 0 0 0 0
0 0 0 0 -fab
2fab 0 0 0 -fa4
fad 3fab 0 0 -fa3
0 2fad 4fab O -fa2
-fa2 fa3 3fad 5fas5 -fal
-2fal 0 2fa3 4fad4 -fal
-3fa0 -fal fa2 3fa3 0
0 -2fa0 0 2fa2 0
0 0 -fa0 fal 0

O O 0O 0O O OO oo o o o

-fab
-fa4d
-fa3
-fa2
-fal
-fa0
0

0

O OO O O OO o OoOOoOOo oo

-fab
-fa4d
-fa3
-fa2
-fal
-fa0
0
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Generalized Sylvester matrix

Generalized Subresultant mapping § of fp(X), ..., fi(X).
k k

H Opni—r—l — H 1Pn0+ni—r—1
1= 1=

S: Uo Uy fo+Uo f1 ), n = deg, fi(x)

Uk Uk fo + Up fk

Generalized Sylvester matrix S (fo, .., fi)-
Cno—r( fl) Cnl—r ( fo) ) toe )
Cno—r( f2) ) an—r(fo)

S(fo, ..., fi) = o

Cno—r(fk) ) ) an—r(fo)

(see Rupprecht, D. (1999) and so on)
If r isthelargest integer that the subresultant mapping S isnot injective, we can
computethe GCD of fo(X), ..., fi(¥) fromtheright null vector of S(fo, ..., fy).
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How to link them

f(% y) = fo(¥) + fa(¥) y1 + - + f(¥) Yk
m f(x, y) isreducibleif fo(x), ..., fi(X) haveanon-trivial GCD.
m f(X, y) isirreducibleif they don’t have any non-trivial GCD.

Coprimenessof fy(X), ..., fk(X) can be tested
by arank deficiency of their Sylvester matrix.

k
Irreducibility of f(x,y)=fo()+2% fi(x)y canbetested
i=1
by arank deficiency of its Ruppert matrix.

[Preve] [=Next ]
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Relation for several polynomials

m Postponed as a future work:

J.P.May’ sdifferential equation becomes
fogi —Jo fi +Ai(fi fO = fo fi,) =0

flgi —O1 fi +Ki(fi fl = fl fi,) =0

. (i=1..K
fiogi — o fi + Ai(fi fe— fic f) =0
This means that
{ U(¥) =Go¥) - Aifo 9
u) =g+ f

= will be apart of proof of several polynomial version of theorem.
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Conclusion

m Sylvester and Ruppert matrices
have some relations for computing GCDs.

m Their relations lead to
no algorithm which computes GCDs efficiently.

m The author hopes that
therelationsin thistalk will make some progress.

Thank you ! !

09: 29: 36 (16) -Ruppert mat ri x as subr esul t ant nappi ng -




