An algebraic-numeric algorithm for the
model selection in kinetic networks

Hiroshi Yoshida (Faculty of Math., Kyushu Univ.)
Koji Nakagawa (CBRC, AIST)

Hirokazu Anai (Fujitsu Lab. LTD./CREST JST.)
Katsuhisa Horimoto (CBRC, AIST)



Contents

o Introduction of kinetic network
o Model and Method

(1) Laplace transformation of model
formulae and observed data

(2) Matching

(3) Model consistency estimation
o Result
o Summary

o Announcement of AB2008



Background

o Metacore: of networks
describing interactions between
genes or proteins

o D-sep test: can deal with only
directed acyclic graph (DAG)

6) Cannot be dealt with




Aim: selection for the most/more
consistent model with the observed data
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More...

o To select the model most/more consistent
with the given sampling data

o We have performed model selection over
Laplace domain using algebraic equations




Model (Example)

%SLA(t) — kSN SLA(t)

S_t N (t) = kSN SLA(t) — KNA N (t)

% A(t) = KNA N (t) - kAG A(t)

d
O =KAG A)

kSN kNA kAG
R R
A

Assuming a linear relation
between the variables,
the kinetics of the above
network can be described
as the system of
deferential

equations on the left.



More ...

KSA




Matching

/ AN

k1 fd(s) al 92
s+k2 stml stmz2

Laplace domain ’

sum of exponentials
Laplace trans.

Solution:

Laplace trans.

System of
differential equations

Observed
data



Method

© ©

The Kkinetics for describing biological
phenomena are expressed by a system of
differential equations

The observed data are numerically fitted as a
sum of exponentials

Both the system of differential equations and
the sum of exponentials are transformed into
the corresponding system of algebraic
equations by Laplace transformation

The two systems of algebraic equations are

compared according to [Tleasure



Consistency estimation (1)

Model Formula
d/dt hit) = —k1h(t)
d/dt f(t) = kih(t) — ka f(t)

Laplace Transform

Laplace Transformed
Model Formula

Lk(t)](s) = Hi_l_i[l[]‘_']
L{f(t)](s) = Fi0)a+ky (F{0)+h(0))

= +i{ky+ka)at+kyka

match

-

Sampling Data Fitting
h,(t) = By expl—apt)
foit) = 3y exp{ —oq t) + Fo exp| —ont)

Laplace Transform

Laplace Transformed
Sampling Data Fitting
Llhao(t)](s) = S22

E=11]
. A +8a)et oy Go4oan g )
L[ff’|~f}]{3} T s24iajtosletaian

Model Consistency Estimation

comp = {h(0) — Bp, k1 — op, HIO) — (F1 + Sa), By (F(0) + R(0}) — (282 + oaF1 ), (kg + ko) — (g 4+ cen), kyks — ayaa }




Change the system of differential equations
Into algebraic equations by Laplace
transformation

o EX.) The system of algebraic equations

%SLA(t) — kSN SLA(t)

% N (t) = kSN SLA(t) —kNA N (t)

%A(t) _ KNAN(t)—KAG A(t)

d
OO =KAG AW)

o Into polynomials over Laplace domain
s L[SLA(t)]—SLA(0) = —kSN L[SLA(t)]
s L[N (t)]— N(0) = kSN L[SLA(t)]-kNA L[N (t)]
s L[A(t)]— A(0) = KNA L[N (t)] - kKAG L[A(t)]
s L[G(t)]-G(0) = kAG L[A(t)]



The solution over Laplace domain is:

SLACD
5+ &GN

laplacel SLACE) £ 50 =

laplacel AL #), £ 50 =

ALDD 52 + CANMANCD ) + AC00 ASNA ACDD ANAY s+ ANA NGO RSN ANA ASINSLACDD + ALDD ANA ARSI

53 + {RAG+ RSN+ ANAD 52 + (RAG ASN+ KAG ANA + ANA RSND 5+ RAG JNA ASN
MEOY s+ MLODY ASN+ ASN SLALDD

laplacel M ), £ 50 = >
5+ UASNA ANADY s+ AMA ASN

laplacel QL2 ¢ 53 = (G(0) 8@ +(GI0Y AAG+GI0) ANA+ KAG A0 + GLO) A4S &2
F(GO) KAG ANA+ KAG ANA MDY + GLOY KAG ASN+ KAG A0Y ANA+ KAG A0) SN+ GLOY ANA 4SND 5

+ RAG ANA NCD DY ASN+ RAG ANA RSN SLALD D + GLOY RAG ANA ASN+ RAG ALDD ANA RSN /{

S CKAG+ ASN+ ANAY & +( KAG SN+ KAG JNA+ KNA kSN) 5 + 5 KkAG JNA kSN



Consistency estimation (2)

Model Formula Sal{]plixlg_Data ’Fitl;'m:g
d/dt kit) = —k1h(t) ha(t) = Bo exp(—aot)
d/dt fit) =k hi(t) — ka2 f(t) folt) = By exp{ —exy i) + Fo exp| —oat)

Laplace Transform Laplack Transform

Laplace Transformed

mateh Laplace Transformed
Model Formula Sampling Data Fitting
Llk(t)](s) = 201 = | Lk(t)](s) = r"]‘hj_ R
(0 a+Kq ( FIO1+R(0)) ; _ B +Fa)s+{og Gn+an )
L[f(t)](s) = f.:”-Ji--ii:L-Ll-li:2]=+-’-'LI-'~'ﬂ Lifo(®)](s) = - :2+?ﬂl+mﬂji'-¥imﬂﬂl

Model Consistency Estimation
comp = {h(0) — Bp, k1 — op, HIO) — (F1 + Sa), By (F(0) + R(0}) — (282 + oaF1 ), (kg + ko) — (g 4+ cen), kyks — ayaa }




Change the observed data into algebraic
equations by Laplace transformation

o The observed data are fitted as a sum of
exponentials:

Zﬂi exp(—a; t)

Kk is the number of exponentials which can
theoretically be determined

Into functions in s over Laplace domain:

Zk:ﬂi




Previous study: Identifiability problem

o Cobell, C., Foster, D. and Toolo, G.: Tracer Kinetics in

Biomedical research: From data to model, Kluwer
Academic/Plenum Publishers, 2000.

dy dy
— =-k2- 5 — =—(k2+Kk
dt g dt (ke +k3)y

Both data are fitted as: a exp(-m t)

k2 =m, uniquely determined k2+k3=m .... unidentifiable
globally identifiable '

On the assumption of error-free data, ... unrealistic
situation



Our model: we handle noisy data

o We take the position that it Is
sufficient to fit a noisy observed
data as a sum of exponentials:

ale™™ +a2e™ +a3e™" +.-.



Example: the observed data into
Laplace domain

(—1.00201179553207664 £
SLAC £ =100038535081326021 e

(—1.00222130528375739 £

MCE) =—11.1332639277093517 e

{—0.090086767262532258578 £
+181120223410726353 e

(—0.4554646658742056050 ¢
Al t) = -3 206846277377800453 e

{—1.14436424605376595 £
+1.60280953430088219 e

(—0100841 761800830185 £
+4.380219052353863580 e

{—0516431036665000448 £
Gt = 4008313608628338340 e

{_0948?57 A TE I T AMNEE &N

—1.37305152600839206 e e (SLACH ¢ o 1000385351
(010001 ApEee B 1002011796

~22638635505747010 6.978706614 5+ 17035283815
+208882950002573014 laplacel ML £, £ 50 =

52 + 11021885878 s+ 01001887313

2086756244 52 + 4267391580 s+ 2117762532

53 +1.704671273 52 +06375282004 s+ 003302211552

09553934035 53 +3.058580434 52 + 2334958420 7+ 1.020037377

laplacel AL E), £ 50 =

laplacel Gl £, £ 50 =

ST 41565249130 5 + 06365546404 ° + 0.04000672064 5



Consistency estimation procedure (3)

Model Formula
d/dt hit) = —ki1h(t)
d/dt f(t) =k hi(t) — ka2 f(t)

Laplace Transform

Laplace Transformed

Model Formula

Llh(t)](s) = 25

L[flrt}]{.?} _ Fll)e+Eky{ F{O)+R(0))

=+ {ky+kalatkyka

Sampling Data Fitting
h,(t) = Fo exp(—eapt)
foit) = 3y exp{ —oq t) + Fo exp| —ont)

Laplace Transform

Laplace Transformed
Sampling Data Fitting
Llhao(t)](s) = S22

il

. A +8a)et oy Go4oan g )
L[f”lf}]{‘?}_ 2 tiaytag)staag

Model Consistency Estimation
comp = {h(0) — Bp, k1 — op, HIO) — (F1 + Sa), By (F(0) + R(0}) — (282 + oaF1 ), (kg + ko) — (g 4+ cen), kyks — ayaa }

N




Comparison of coefficient List In s

o Derive the coefficient List by
comparing the algebraic equations
of the model and the observed data
over Laplace domain:

SLACOY
s+ K5IV

laplacel SLACE, £ 50 =

laplacel ALE), & 50 =

A(0) &+ CRNANID) + A00) ASN+ A0 ANAD s+ ANA NCD) ASI+ ANA ASNSLACD) + A0) ANA kS

53 +CRAG+ SN+ ANAY 52 + U RAG RSN+ KAG KNA + kNA KSND 5+ KAG JNA kSN
MDD s+ MOD ASN+ KSNSLALD)

L1 URSN ANAY 5+ ANA KSN

laplacel NCE), £ 50 =

lplacel G £, £ 5) = (GLD) & +(GL0) KAG+GLOI ANVA+ RAG ALD) + GLOY &SN & 1000385351
+(GU0) AAG ANA+ AAG KNA NCOY + GLO) KAG ASN+ FAG D) ANA+ KAG AL0) ASN+GLOY ANA ASND laplace( SLACL), £, ) = =4 10020117596

+ KAG JNA MNCO) SN+ KAG ANA KSNSLALDD + GIOY RAG ANA ASN+ KAG ALD) ANA ASND /( BOTETSRG14 54 1703028810

S L CRAGT KSNE FNAY P 1T RAG RSN KAG HNA+ iNA KSN) 5 + 5 KAG HNA KSND laplacel MO £, & =) = 5
F 4+ 11021285078 s+ 01001857313

2986756244 32 +4.267391383 s+ 2117762332

53 +1.704671278 52 + 06873282004 =+ 005302211592

(0.9883934098 53 +3.038580453 52 + 2584088420 5+ 1.020057377

laplacel & £, £ 5) =

laplacel Gl 8, £ 50 =

st 41565249130 & + 06065546404 5° + 004000672064 s



Ex.) Coefficient List

o Without any error, these polynomials would
be zero, but in the case of real noisy
observed data, unfortunately not zero... ==

Least sqguares method (LSM)

KAG FNA £5N= 004500672064
A5H=1.00201175355207664
16938261012 ASA=17.0302585813
2058773877 RAG ANA ASN=1020037377
1096300626 £AG A+ 5983149600 AAG ASM+ 0093830341 AN ASN= 2058408543
KAG KEN+ FAG FNA + FANA ASN= 06573282084
KAG+ ASN+ fMA= 1704671278
KAG KEN+ FAG FNA + FANA ASN= 06363546403
KAG+ ASN+ #A = 1.30632451450
3.980149603 246G+ 0509838541 M4 + 085859541 A&M= 5.009530448
ANA ASN=01001837313
KRS+ JNA=1102158978
KAG JANA KSN= 003302211551
5969312830 AMA+ 2986736240 ASN= 4267381383
1996956658 ANA ASN= 2117762532



Consistency measure:

o The smallest sum-square value of
the elements In Coefficient List
under

ki1>0,k2=>=0,..... , kn=>=0 (1)
Or
kl >=0, k2 >=0, ..... , kn >=0 (2)

If e.g. k1 =0 ... subnetwork

: k2 k3
®<X®" 0" e




Concrete procedure

o Coefficient List:
LK) =r,-- 1 (K) =T,

o The consistency measure can be
calculated as the smallest values of (k)

among various KsS : => Least squares
method:

)= Y () -




Measures (1) and (2)

o Under ki = O ... Measure (1)

6k ok,

o Under ki == 0O ... Measure (2)
Lo L
ok, oK

n

Including subnetworks



Algorithm to compute the measure (2)
(Recursive procedure)

MinimizePositive.. Compute the measure (1)

MinimizePositive(f):

INPUT: Polynomial f with variables ki, - -, kn

OUTPUT: Tuple (k1,---, kn) satifying k1 = 0, .-+, kn 2 0 which minimizes f
BEGIN

if n =0 then Return({})

M~ {{k,--- kn) | 1 Z0N---Akn Z0A0f/0k1 =0n---AOf[Okn =0}}

my +— MinimizePositive( f(0,---, k)

mz +— MinimizePositive( f(k1,0, -+, kn))
MinimizePositive(f(k1, ...., O, .... kn))

my +—— MinimizePositive( f{k.,---,0))
mres «— (j1,+++,fn)

g.t. flki,~-«,kn) = f(1, -+, gn) forall (k1, -+, kn) € MUmiU---Umn

Return({mres})
END



Result

We used the following five models

Model A:
ksn kwa kac
N/ N/
Model C:
n’ﬂm
/:::\. ksn /"-—"\I F.i'-.,.i
\_/
\___ M.c_;__’_/

Model E:

v
Nr;

’ ks I,/_ ; En 4 l/ﬂ_ ™ kac I,/_ D
SLA N A N
o o o : e

Model B:
kga
/”'f_____ﬂ%
I'/‘;.I'_-i\ e N -—H’/d_h\' fac '/d_,:\ﬁ
N / " N
Model D
kgn :\\I
ol
- a@/ O e




Data generation for simulation

We have generated the time series of data for the consistent

molecules for the simulation study, before the model consistency
estimation.

20

40 &0 a0 o "

The given and estimated parameters

are as follows: S LA;1, 1 (given) and 1.00 (estimated); S LA;1, 10 and 10.0; N;1, 1/10 and 0.100;
N;2, 1 and 1.00; N;1, 163/9 and 18.1; N;2, 100/9 and 11.1; A;1, 1/10 and 0.100; A;2, 1/2 and
0.500; A;3, 1 and 1.00; A;1, 163/36 and 4.53; A;2, 115=4 and 03:75; A;3, 20/9 and 2.22; G;1,
1/10 and 0.100; G;2, 1/2 and 0.500; G;3, 1 and 1.00; G;1, [1815=36 and [122:6; G;2, 15/4 and
3.75; G;3, J10=9 and [1:11; G;4, 21 and 21.0. Each figure corresponds to the four variables
(molecules) in the model: (a) S LA, (b) N, (c) A, (d) G.



Table of Consistency measure

Measure (1) Measure (2).. Including subnetworks
CM]1. under the constraint (2.4) CM?2, under the constraint {2.6)
E‘&mtﬂd smallest .k_g N .k_.\,'__* .k__* G .k_.\.,'ﬁ .k_l;__* .Ir(_g 5 Eﬁr’ulﬂtﬂd smallest .k_y_.\,' .k_.\,'__* 'k.-ﬂ'f k_.\,'ﬁ .k_g A kﬁ'.ﬁ'
A 1.34x10-"" 1.00 0.100 0500 - - C 7.66x10°7 1.00 0.100 EI.EDD' (13 (i | -
(l]:-:-) 1.36x¢10°"" .00 0.100 0.500 - - | L40x10°°)| A 1L34x 107" .00 0.100 0.500 - - -
X X - X - X - E 1.36x107" 1.00 0.100 0.500 - - l40x10™®

B b b e b = b = 1.35< 107" 1.00 0.100 0.500 - o =
/C\ * * b4 * * * - D 1.68 o - 0435 - 00439 -
\ B/ 420x10°'"" L00 0.100 0.500 - 0.400 - B 420<10-" .00 0.100 0500 - 0.400 -
A 2001 1.19 0.167 0637 - - - C 6.44x10°" 1.00 0.100 0500 0° 0.400 -

B D * * - * - * - E 20.1 1.19 0.167 0.637 - - o
E . . 'Y . - - . A 20.1 1.19 0.167 0.637 - - -
/G\ * * b4 * * * - D 1050 o - 00351 - 1.97 -
( C ) 278<10°7 1.00 0.100 0.500 0.200 0.400 - C 2.78x107% 1.00 0.100 0.500 0.200 0.400 -
0.558 0994 0.160 0913 - 0408 - B 0558 0994 0.160 0.913 - 0.408 -
C A 28.0 1.19 0.213 1.17 - - - D 239 o - 1.22 - 0418 -
D * * - * - * - E 25.0 1.19 0213 1.17 - - o
A * * * * - - * A 25.0 1.19 0213 1.17 - - -
( D ’ 1.83x10- 1.00 - 0500 - 0400 - D 1.83x10-1* 1.00 - 0.500 - 0.400 -
576 1.02 398 0.623 - - - E 358. 1.13 3.63 0.285 - - o

D E * * * * - - * B 399, .10 3.74 0.395 - i -
B * * * * - * - C 434, 1.18 343 0454 0528 0O -

Py * * * * * * = A 576. 1.02 398 0623 - = =

‘ E ' 9.26x10°" .00 0.100 0.500 - - 0.700 E 92610~ 1.00 0.100 0.500 - - 0.700
1.46 0702 0.0564 0.367 - - - C 1.46 0.702 0.0564 0.367 0O° i -

E D * * - * - * - A 1.46 0.702 0.0564 0.367 - - -
B * * * * - * - B 1.46 0.702 0.0564 0.367 - o -

C * * * * * * - D 2.57 o - 0.258 - 00284 -

0°: exact zero value.
—: no corresponding parameters.
»: no real positive solutions.



The verification of our method , Measure 1

estimated smallest Kksy  Ayva  Kag  kvg  Ksa ks
1.34x10° " .00 0.100 0.500

1.36x 107" OO 0.100 0500 - - | L40x 107"

Model A A D

kSN KNA kAG
L
SLA \IEI/ A G
When kSS is small, Model E is almost

equal to model A
Model E

I(SN |: m I:‘ ‘G

SLA { N
A



The verification of our method , Measure 2

estimated smallest  kgy  kwa ki kve  Ksa kes
7.66x10° 1.00 0.100 0.500 [O° 0
Query A 1.34% 107" .00 0.100 0.500 - i ;
1.36 107" 100 0.100 0.500 - - l40x107®
1.35x 107" 1,00 0.100 0500 - 0

MOdelc/kﬁA\
Q kSN KNA Q )

kNG
When kSA and kKNG are exactly zero,

Model C iIs equivalent to model A
Model A

@ kSN =® KNA =® KAG ’@




Summary

o We have proposed a method to
select a model which 1s more/most
consistent with the time series of
observed data.

o We have verified our method, using
generated data, handling a cyclic
relationship hitherto unavailable In
previous methods.




Future works ... scalability

o Focusing on a local network within a
large-scale network.

o Easy elimination of the unnecessary
variables in virtue of algebraic equations

Eliminating C(t),

t
kiCi(t) = KiCa(t) —kiki [ € ¢ Co(r)d 7
0

—
(k> + Kok ) L[CA()](S) + sk:L[C-(t)](s) = O




International Conference on
Algebraic Biology

2005 November 28-30 == from Universal
FUJITSU SOLUTION SQURE Academy Press
(1St) Tokyo, Japan e

organized by H. Anai, H. Hong,
K. Horimoto |

2007 July 2-4
RISC, Johannes Kepler University

(an) Linz, Austria

organized by B. Buchberger, H. Hong,
K. Horimoto

Hirokazu Anai
Katsuhisa Horimoto
Temur Kutsia (Eds)

Algebralc

LNCS 4545
from Springer



July 31-August 2

RISC, Johannes Kepler

University

Linz, Austria
organized by B.

2008 Buchbe_rger,
(3rd) K. Horimoto, R.

Laubenbacher, B.
Mishra

Paper deadline is Jan.-14,
2008

@ Algebraic Biology 2008 - Microsoft Internet Explorer

[F][=1 %
FIME WEE FrW BRONE volD AT 5
Qr- O [¥[&A & Ons Seercn @3- = -

TELAD ‘@ bittp: /A riscuni-linz ac.at/ about/conferences /sh 2006/

LJid 3

M Bss wo & -

~

RISC, Castle of Hagenberg, Austria. July 31-August 2, 2008
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