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Let R be a commutative domain, F be the �eld of fractions of R.
A ∈ Rn×m, c ∈ Rn, n ≤ m,A? = (A, c) = (aij) and,

Ax = c

be a system of linear equations over R
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xi = (δn
i ,m+1 −

∑m
j=n+1 xjδ

n
ij)(δ

n)−1, i = 1 . . . n,

where xj , j = n + 1, . . . ,m, are the free variables, and the
determinant δn 6= 0.
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We denote by δk , k = 1, . . . , n the left upper corner minor of matrix
A of order k , and by δk

ij the corner minor of matrix A where
columns i and j have been interchanged. We assume that all corner
minors δk , k = 1, . . . , n are di�erent from 0.
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The determinant identity

∣∣∣∣∣∣
a b c
d e f
g h k

∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣∣

∣∣∣∣ a b
d e

∣∣∣∣ ∣∣∣∣ b c
e f

∣∣∣∣
∣∣∣∣ d e

g h

∣∣∣∣ ∣∣∣∣ e f
h k

∣∣∣∣

∣∣∣∣∣∣∣∣∣∣
· e−1

or in the more general form

âk+1
ij =

∣∣∣∣ âk
i−1,j−1 âk

i−1,j

âk
i ,j−1 âk

ij

∣∣∣∣ · (âk−1
i−1,j−1)

−1

where

âk+1
ij = |Ai−k,...,i :(rows)

j−k,...,j :(columns)|
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ak+1
ij = (ak

kkak
ij − ak

ikak
kj)(a

k−1
k−1,k−1)

−1,

k = 2, . . . , n − 1, i = k + 1, . . . , n, j = k + 1, . . . ,m,

where
ak+1
ij = |A1,...,k,i :(rows)

1,...,k,j :(columns)|

Alkiviadis G. Akritas, Gennadi I. Malaschonok Computations in Modules over Commutative Domains



Dodgson's Algorithm
Method of Forward and Backward Direction

The One-pass Method
The Recursive Method


a1
1,1 a1

1,2 · · · a1
1,n−1 a1

1,n a1
1,n · · · a1

1,m+1

0 a2
2,2 · · · a2

2,n−1 a2
2,n a2

2,n+1 · · · a2
2,m+1

...
...

. . .
...

...
...

. . .
...

0 0 · · · an−1
n−1,n−1 an−1

n−1,n an−1
n−1,n+1 · · · an−1

n−1,m+1

0 0 · · · 0 an
n,n an

n,n+1 · · · an
n,m+1


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ak
k,k 6= 0, k = 1, . . . , n − 1

δn
ij . δk

ij is the corner minor of order k of the matrix A after column i
has been interchanged with column j . The determinant identity of
the backward direction algorithm is:

δn
ij =

(
an
nna

i
ij−

n∑
k=i+1

ai
ikδn

kj

)
(ai

ii )
−1, i = n−1, . . . 1, j = n+1, . . . ,m.


an
n,n 0 · · · 0 0 δn

1,n · · · δn
1,m+1

0 an
n,n · · · 0 0 δn

2,n+1 · · · δn
2,m+1

...
...

. . .
...

...
...

. . .
...

0 0 · · · an
n,n 0 δn

n−1,n+1 · · · δn
n−1,m+1

0 0 · · · 0 an
n,n δn

n,n+1 · · · δn
n,m+1


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
3 1 1 −1 4
1 2 0 1 4
0 1 2 0 −2
1 0 0 2 −1

→

→


3 1 1 −1 4
0 5 −1 4 8
0 3 6 0 −6
0 −1 −1 7 −7

→


3 1 1 −1 4
0 5 −1 4 8
0 0 11 −4 −18
0 0 −2 13 −9

→

→


3 1 1 −1 4
0 5 −1 4 8
0 0 11 −4 −18
0 0 0 27 −27

→


3 1 1 −1 4
0 5 −1 4 8
0 0 27 0 −54
0 0 0 27 −27

→

→


3 1 1 −1 4
0 27 0 0 54
0 0 27 0 −54
0 0 0 27 −27

→


27 0 0 0 27
0 27 0 0 54
0 0 27 0 −54
0 0 0 27 −27


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The number of operations, necessary for the procedure of forward
and backward direction, is
Nm = (9n2m − 5n3 − 3nm − 3n2 − 6m + 8n)/6,
Nd = (3n2m − n3 − 3nm − 6n2 + 13n − 6)/6
Na = (6n2m − 4n3 − 6nm + 3n2 + n)/6.
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δk+1
k+1,j = ak+1,k+1δ

k
kk −

k∑
p=1

ak+1,pδ
k
pj , j = k + 1 . . .m,

δk+1
ij = (δk+1

k+1,k+1δ
k
i ,j − δk+1

k+1,jδ
k
i ,k+1)/δk

k,k ,

k = 1, . . . , n − 1, i = 1, . . . , k, j = k + 2, . . . ,m.



ak
k,k 0 · · · 0 δk

1,k+1 · · · δk
1,m+1

0 ak
k,k · · · 0 δk

2,k+1 · · · δk
2,m+1

...
...

. . .
...

...
. . .

...
0 0 · · · ak

k,k δk
k,k+1 · · · δk

k,m+1

ak+1,1 ak+1,2 · · · ak+1,k ak+1,k+1 · · · ak+1,m+1
...

...
. . .

...
...

. . .
...

an,1 an,2 · · · an,k an,k+1 · · · an,m+1


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
3 1 1 −1 4
1 2 0 1 4
0 1 2 0 −2
1 0 0 2 −1

→

→


3 1 1 −1 4
0 5 −1 4 8
0 1 2 0 −2
1 0 0 2 −1

→


5 0 2 −3 4
0 5 −1 4 8
0 1 2 0 −2
1 0 0 2 −1

→

→


5 0 2 −3 4
0 5 −1 4 8
0 0 11 −4 −18
1 0 0 2 −1

→


11 0 0 −5 16
0 11 0 8 14
0 0 11 −4 −18
1 0 0 2 −1

→

→


11 0 0 −5 16
0 11 0 8 14
0 0 11 −4 −18
0 0 0 27 −27

→


27 0 0 0 27
0 27 0 0 54
0 0 27 0 −54
0 0 0 27 −27


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Nm = (9n2m − 6n3 − 3nm − 6m + 6n)/6,
Nd = (3n2m − 2n3 − 3nm − 6m + 2n + 12)/6
Na = (6n2m − 4n3 − 6nm + 3n2 + n)/6.

Number of Operations

Method Multiplications Divisions Add./Substr.

FB (4n3+3n2−n−6)
6

(2n3−6n2+10n−6)
6

(2n3+3n2−5n)
6

OP (n3+2n2−n−2)
2

(n3−7n+6)
6

(2n3+3n2−5n)
6
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A
r ,l ,(p)
k,c =


ap
r+1,k+1 ap

r+1,k+2 · · · ap
r+1,c

ap
r+2,k+1 ap

r+2,k+2 · · · ap
r+2,c

...
...

. . .
...

ap
l ,k+1 ap

l ,k+2 · · · ap
l ,c

 ,

G
r ,l ,(p)
k,c =


δp
r+1,k+1 δp

r+1,k+2 · · · δp
r+1,c

δp
r+2,k+1 δp

r+2,k+2 · · · δp
r+2,c

...
...

. . .
...

δp
l ,k+1 δp

l ,k+2 · · · δp
l ,c

 ,
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G
r ,l ,(p)
k,c ,A

r ,l ,(p)
k,c ∈ R(l−r)×(c−k), 0 ≤ k < n, k < c ≤ n, 0 ≤ r < m,

r < l ≤ m, 1 ≤ p ≤ n.

We describe one recursive step reducing the matrix Ã = A
k,l ,(k+1)
k,c

to the diagonal form

Ã → (δl Il−k , Ĝ )

where

Ã = A
k,l ,(k+1)
k,c , Ĝ = G

k,l ,(l)
l ,c

0 ≤ k < c ≤ m, k < l ≤ n, l < c . Note that if k = 0, l = n and
c = m, then we obtain the solution of the original system.
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Description of One Step of the Recursive Method

Ã =

(
A1

A2

)
→1

(
δs Is−k G 1

2

A2
1 A2

2

)
→2

(
δs Is−k G 1

2

0 Â2
2

)
→3

→3

(
δs Is−k G 1

2′ G 1
2′′

0 δl Il−s Ĝ 2
2′′

)
→4

(
δl Is−k 0 Ĝ 1

2′′

0 δl Il−s Ĝ 2
2′′

)
=

=
(

δl Il−k Ĝ
)
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s: k < s < l Ã:

Ã =

(
A1

A2

)
,

where A1 = A
k,s,(k+1)
k,c is the upper part of the matrix Ã consisting

of s − k rows and A2 = A
s,l ,(k+1)
k,c is the lower part of the matrix Ã .

A1 → (δs Is−k ,G 1
2 ), (I )

where A1 ∈ R(s−k)×(c−k), G 1
2 = G

k,s,(s)
s,c .
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Let A2 = (A2
1,A

2
2) where A2

1 = A
s,l ,(k+1)
k,s and A2

2 = A
s,l ,(k+1)
s,c

consisting of s − k and c − s columns respectively, δk 6= 0. The

matrix Â2
2 = A

s,l ,(s+1)
s,c is computed with the help of the matrix

identity

Â2
2 = (δs · A2

2 − A2
1 · G 1

2 )(δk)−1. (II )

Â2
2 → (δl Il−s , Ĝ

2
2′′), (III )

where Â2
2 ∈ R(l−s)×(c−s) and Ĝ 2

2′′ = G
s,l ,(l)
l ,c .

Let G 1
2 = (G 1

2′ ,G 1
2′′), where the blocks G 1

2′ = G
k,s,(s)
s,l and

G 1
2′′ = G

k,s,(s)
l ,c contain l − s and c − l columns respectively, and

δs 6= 0.
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The matrix Ĝ 1
2′′ = G

k,s,(l)
l ,c is computed with the help of the matrix

identity

Ĝ 1
2′′ = (δl · G 1

2′′ − G 1
2′ · Ĝ 2

2′′)(δs)−1. (IV )

In the result we obtain δl and

Ĝ =

(
Ĝ 1

2′′

Ĝ 2
2′′

)
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Example: 
3 1 1 −1
1 2 0 1
0 1 2 0
1 0 0 2



·


x1

x2

x3

x4

 =


4
4
−2
−1

A1 = A
02(1)
05 → (δ2I2, G

02(2)
25 ) (I )

A
01(1)
05 → (δ1I1, G

01(1)
15 ) = (3; 1, 1,−1, 4) (i)
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δ0A
12(2)
15 = δ1A

12(1)
15 − A

12(1)
01 G

01(1)
15 =

= 3(2, 0, 1, 4)− (1)(1, 1,−1, 4) = (5,−1, 4, 8), δ0 ≡ 1. (ii)

A
12(2)
15 → (δ2I1, G

12(2)
25 ) = (5;−1, 4, 8) (iii)

δ1G
01(2)
25 = δ2G

01(1)
25 − G

01(1)
12 G

12(2)
25 =

= 5(1,−1, 4)− (1)(−1, 4, 8) = (6,−9, 12) (iv)
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G
01(2)
25 = (2,−3, 4)

(δ2I2, G
02(2)
25 ) =

(
5 0; 2 −3 4
0 5; −1 4 8

)
Â2

2 = A
24(3)
25 (II )

δ0A
24(3)
25 = δ2A

24(1)
25 − A

24(1)
02 G

02(2)
25 =

= 5 ·
(

2 0 −2
0 2 −1

)
−
(

0 1
1 0

)(
2 −3 4
−1 4 8

)
=

=

(
11 −4 −18
−2 13 −9

)
δ0 ≡ 1; A

24(3)
25 =

(
11 −4 −18
−2 13 −9

)
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A
24(3)
25 → (δ4I2 G

24(4)
45 ) (III )

A
23(3)
25 → (δ3I1, G

23(3)
35 ) = (11;−4,−18) (i)

δ2A
34(4)
35 = δ3A

34(4)
35 − A

34(3)
23 G

23(3)
35 =

= 11(13,−9)− (−2)(−4,−18) = (135,−135)

A
34(4)
35 = (27,−27) (ii)
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A
34(4)
35 → (δ4I1, G

34(4)
45 ) = (27,−27) (iii)

δ3G
23(4)
45 = δ4G

23(3)
45 − G

23(3)
34 G

34(4)
45 =

= 27(−18)− (−4)(−27) = −594, G
23(4)
45 = (−54) (iv)

(δ4I2, G
24(4)
45 =

(
27 0; −54
0 27; −27

)
Ĝ 1

2′′ = G
02(4)
45 (V )
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δ2G
02(4)
45 = δ4G

02(2)
45 − G

02(2)
24 G

24(4)
45 =

= 27

(
4
8

)
−
(

2 −3
−1 4

)(
−54
−27

)
=

(
135
270

)
G

02(4)
45 =

(
27
54

)

δ4 = 27; G
04(4)
45 =


27
54
−54
−27


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Example: Description of the First Step

A =


3 1 1 −1 4
1 2 0 1 4
0 1 2 0 −2
1 0 0 2 −1

A →1


5 0 2 −3 4
0 5 −1 4 8
0 1 2 0 −2
1 0 0 2 −1

→2


5 0 2 −3 4
0 5 −1 4 8
0 0 11 −4 −18
0 0 −2 13 −9

→3

→3


5 0 2 −3 4
0 5 −1 4 8
0 0 27 0 −54
0 0 0 27 −27

→4


27 0 0 0 27
0 27 0 0 54
0 0 27 0 −54
0 0 0 27 −27


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Complexity of the Recursive Method is O(mnβ−1).
We can obtain an exact estimate. For n = 2N ,m = n + 1 and
β = log2 7 the number of multiplication operations is

7

15
nlog2 7 + n2(log2 n − 2

3
) + n(2 log2 n +

1

5
).

For n = 2N , β = 3 the number of multiplications and divisions is
Nm = (6n2m − 4n3 + (6nm − 3n2) log2 n − 6nm + 4n)/6,
Nd = ((6nm − 3n2) log2 n − 6nm − n2 + 6m + 3n − 2)/6.
The number of multiplication operations for m = n + 1 is
(1/3)n3 + O(n2). The estimations for the previous two methods
are, respectively, n3 + O(n2) and (2/3)n3 + O(n2).
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Dichotomic process
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Adjoint Matrix
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Dichotomic process

The best method for computing the matrix determinant and adjoint
matrix in the arbitrary commutative ring was suggested in the
papers by Kaltofen [9] and Kaltofen and Villard [10]. Its complexity
is O(nβ+1/3 log n log log n).

Let A =

(
A C
B D

)
be an invertible matrix and A an invertible

block.
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Then

A−1 =

(
I −A−1C
0 I

)(
I 0
0 (D − BA−1C )−1

)(
I 0
−B I

)(
A−1 0
0 I

)
In case n = 2p it will take 2p−1 inversions of 2× 2 blocks and 2p−k

multiplications of 2k × 2k blocks.
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nlog7 − n/2

O(nβ)

,
O(nβ)

.
Let R be a commutative ring, and let A = (ai ,j) be a square matrix
of order n over the ring R.

A(s)
t = (as

i ,j)
i=s,...,t
j=s,...,t and G(t)

s = (δt(i ,j))
i=s,...,t
j=t+1,...,n
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Theorem

Let A be a square block matrix of order n over the ring R; that is,

A =

(
A C
B D

)
,

where A is a square block of order s, (1 < s < n), the determinant of

which, δs , is neither zero nor a zero divider in R. Then, the adjoint

matrix A∗ can be written as the product

A∗ =

(
δ−1
s δnI −δ−1

s FC
0 I

)(
I 0
0 G

)(
I 0
−B δs I

)(
F 0
0 I

)
,

(∗)
where F = A∗, G = δ−n+s+1

s A(s+1)∗
n , I is the identity matrix and we have

the identity

A(s+1)
n = δsD − BFC .

Alkiviadis G. Akritas, Gennadi I. Malaschonok Computations in Modules over Commutative Domains



Dichotomic process

Theorem

Let A(s+1)
n be a square block matrix of order n − s, (s > 0, n − s > 2),

over the ring R; that is,

A(s+1)
n =

(
A C
B D

)
,

where A is a square block of order t − s, (1 < s < t < n), and δs and δt

are neither zero nor zero dividers in R. Then, the matrix δ−n+s+1
s A(s+1)∗

n

can be written as the product(
δ−1
t δnI −δ−1

t FC
0 I

)(
I 0
0 δ−1

s G

)(
I 0
−B δt I

)(
F 0
0 I

)
, (∗∗)

where F = δ−t+s+1
s A(s+1)∗

t , G = δ−n+t+1
t A(t+1)∗

n , I is the identity matrix

and we have the identity

A(t+1)
n = δ−1

s (δtD− BFC).
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Remark 1: If n = s + 2, then, A(s+1)∗
n =

(
as+1
n,n −as+1

n−1,n

−as+1
n,n−1 as+1

n−1,n−1

)
.

And if n = s + 1, then A(s+1)∗
n = 1.

Remark 2: In the factorization (∗) δn can be found from

Sylvester's identity δn = δ−n+s+1
s detA(s+1)

n . And if n = s + 2, then
δn = detG. In an analogous way we can �nd δt and δn, in the
factorization (∗∗) :
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The dimensions of the upper left block A (of the initial square
block matrix A) may be chosen arbitrarily. The case will be
examined when the dimensions of block A are powers of two.
Let n be the order of the matrix A, 2h < n ≤ 2h+1 and assume
that all minors δ2i , i = 1, 2, . . . are not zero or zero dividers of the
ring R. According to Theorems 1 and 2 we are going to sequentially
compute adjoint matrices for the upper left blocks of order
2, 4, 8, 16, . . . of matrix A.
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1. For the block of order 2 we have:

A2
2,2 = (ai ,j)i ,j=1,2, δ2 = detA1

2,2,

A2∗
2,2 =

(
a2,2 −a1,2

−a2,1 a1,1

)
.

2. For the block of order 4 we have:

A4∗
4,4 =

(
δ−1
2 δ4I −δ−1

2 FC
0 I

)(
I 0
0 G

)(
I 0
−B δ2I

)(
F 0
0 I

)
,

F = A2∗
2,2, B = (ai ,j)

i=3,4
j=1,2,

C = (ai ,j)
i=1,2
j=3,3, D = (ai ,j)i ,j=3,4, A

(3)
4 = δ2D − BFC = (a3

i ,j)i ,j=3,4,

G = δ−1
2 A(3)∗

4 , δ4 = detG .
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3. For the block of order 8 we have:

A8∗
8,8 =

(
δ−1
4 δ8I −δ−1

4 FC
0 I

)(
I 0
0 G

)(
I 0
−B δ4I

)(
F 0
0 I

)
,

F = A4∗
4,4, B = (ai ,j)

i=5,...,8
j=1,...,4,

C = (ai ,j)
i=1,...,4
j=5,...,8,

D = (ai ,j)i ,j=5,...,8,
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G =

(
δ−1
6 δ8I −δ−1

6 FC
0 I

)(
I 0

0 δ−1
4 G

)(
I 0
−B δ6I

)(
F 0
0 I

)
,

A(5)
8 = δ4D − BFC = (a5

i ,j)i ,j=5,...,8,

F = δ−3
4 A(5)∗

6 ,

δ6 = detF, B = (a5
i ,j)

i=7,8
j=5,6,

C = (a5
i ,j)

i=5,6
j=7,8,

D = (a5
i ,j)i ,j=7,8, A

(7)
8 = δ−1

4 (δ6D− BFC) = (a7
i ,j)i ,j=7,8,

G = δ−1
6 A(7)∗

8 ,
δ8 = detG.
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Example:

A =


0 2 −2 2
1 −3 1 −2
3 0 −3 0
−1 3 −1 1

 .
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1. For the second order block we have:

A0,2
0,2 =

(
0 2
1 −3

)
, α2 = detA0,2

0,2 = −2, A0,2∗
0,2 =

(
−3 −2
−1 0

)
.
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2. For the fourth order block we have:

F = A0,2∗
0,2 , B =

(
3 0
−1 3

)
, C =

(
−2 2
1 −2

)
, D =

(
−3 0
−1 1

)
,

A3;2,4
2,4 = α2D−BFC =

(
−6 6
0 2

)
, G = (α2)−1A3;2,4∗

2,4 =

(
−1 3
0 3

)
,

α4 = (α2)−1 det A3;2,4
2,4 = 6,

A∗ =

(
(α2)−1α4I −(α2)−1FC

0 I

)(
I 0
0 G

)(
I 0
−B α2I

)(
F 0
0 I

)
=
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=


−3 0 2 −1
0 −3 1 −1
0 0 1 0
0 0 0 1




1 0 0 0
0 1 0 0
0 0 −1 3
0 0 0 3



×


1 0 0 0
0 1 0 0
−3 0 −2 0
1 −3 0 −2



−3 −2 0 0
−1 0 0 0
0 0 1 0
0 0 0 1



=


−9 −12 4 −6
−6 −6 2 0
−9 −12 2 −6
0 −6 0 −6

 .
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Complexity Estimation

Let γnβ + o(nβ) be an asymptotic estimation of the number of
operations for multiplying two matrices of order n. Then the
complexity of computing the adjoint matrix of order n = 2p is

F (n) = 6γnβ 1− (n/2)1−β

2β − 2
+ o(nβ)
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×àñòü III

Characteristic polynomial
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In the case of an arbitrary commutative ring, the best algorithms
for computing the characteristic polynomial are Chistov's algorithm
[6] and the improved Berkowitz algorithm [3]. The complexity of
these methods is O(nβ+1 log n). We present the best method to
date � for computations in commutative domains � which has
complexity O(n3).
Let A = (aij) be an n× n matrix over the ring R. If all the diagonal
minors δk (k = 1, . . . , n − 1) of matrix A are not zero, then the
following identity holds

Au = L̃A,
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where Au is an upper triangular matrix and L̃ is a lower triangular
matrix with determinant di�erent from zero, such that

L̃ = D−1
n−2L̃n−1 · · ·D−1

1 L̃2L̃1

L̃k = diag(Ik−1, L̃k), Dk = diag(Ik ,Dk), where Ik is the identity
matrix of order k , Dk = δk In−k ,

Lk =

(
δk 0
vk In−k

)
, L̃k =

(
1 0
−vk δk In−k

)
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vk = (ak
k+1,k , . . . , ak

n,k)T , Au = (a
(n)
i ,j ) is an n × n matrix, and

a
(n)
i ,j = ai

i ,j , for i ≤ j , a
(n)
i ,j = 0, for i > j .

The proof is based on Sylvester's identity

ak−1
k−1,k−1a

k+1
i ,j = ak

k,kak
i ,j − ak

i ,kak
k,j .

The factorization of matrix A into upper and lower triangular
matrices is the result of the forward direction part � of the forward
and backward direction algorithm.
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Let A
(k)
u = (a

(k)
i ,j ) be an n × n matrix, k = 1, . . . , n, with a

(k)
i ,j = ai

i ,j

for i ≤ j < k , a
(k)
i ,j = ak

i ,j , i ≥ k , j ≥ k , and the remaining elements

zero. Then Au = L̃A reduces to the identities

A
(2)
u = L̃1A; A

(k+1)
u = D−1

k−1L̃kA
(k)
u , k = 2, . . . , n − 1,

which subsequently enable the computation of matrices A
(k)
u ,

k = 2, 3, . . . , n, such that all the elements of the matrices Dk and

L̃k are elements of the matrix A
(k)
u .
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The requirement that the diagonal minors δk (k = 1, 2, . . . , n − 1)
be di�erent from zero may be weakened. If a diagonal minor δk of
order k is equal to zero, and in column vk there is a nonzero
element ak

i ,k , then rows i and k must be interchanged; that is,
multiply on the left the matrix of interchanges
Pk = P(i ,k) = In + Eik + Eki − Ekk − Eii , where Eik denotes a
matrix in which all elements are zero except element (i , k), which is
equal to one.
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And if δk = 0 and vk = 0, then necessarily Pk = L̃k = Dk−1 = In,
Dk = Dk−1.
The factorization formula remains as before, only now

L̃k = diag(Ik−1, L̃k)Pk .
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Note the following identities, which will be subsequently needed:

L̃kLk = Dk , L̃L = T ,

where
L = L1L2 · · ·Ln−1,

Lk = P−1
k diag(Ik−1, Lk), T is a diagonal matrix de�ned by,

T = S1S2, where S1 = diag(1,S), and S2 = diag(S , 1), with
S = diag(δ1, δ2, . . . , δn−1).
To indicate the matrix A from which a given triangular or diagonal
matrix was computed, we write L = L(A),T = T (A).
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Let A =

(
a b
c d

)
be a matrix over R with blocks a of order p× p

and d of order n × n. We will call matrix A upper p-triangular, if
the block (c,d) looks like an upper triangular matrix.
We will denote with calligraphic letters block-diagonal matrices of
order (n + p)× (n + p) of the type diag(Ip,G ) = G, where G is a
p × p matrix.
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Let G be some p × p matrix and let L̃ = L̃((c,d)G), and
T = T (((c,d)G)). If we take now G = L, L̃ = diag(Ip, L̃),
L = diag(Ip, L), then the matrix

Au = L̃AL
will become an upper p-triangular matrix, and matrix T−1Au will
be similar to A.
The cofactors L and L̃ of the matrix can be computed sequentially.
Since ((c,d)G) = (c,dL) and the �rst p of the columns of the
matrix (c,dL) constitute block c and are independent from L, then
using them we can compute sequentially the �rst p cofactors of the
matrix L̃ : L̃1,D1, L̃2, . . . ,Dp−1, L̃p. From these we can write the
�rst p cofactors of matrix L , can compute p columns of the matrix
dL and after that the following p cofactors of matrix L̃, etc. For
p = 1 we obtain a quasi-triangular matrix, that is a matrix with
zero elements under the second diagonal, which is obtained by the
elements a2,1, a3,2, . . . , an,n−1.
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Let us denote by Ak (1 ≤ k ≤ n) the corner minors of order k of
the quasi-triangular matrix A = (ai ,j), ai ,j = 0 for i ≥ 2, j ≤ i − 1,
and assume A0 = 1. Then its determinant can be computed as
shown

det (An) = ann det (An−1) +
n−1∑
i=1

ai ,n det (Ai−1)
n−1∏

j=i+1

(−aj ,j−1).

The complexity of this method is 5
3n3 + O(n2) � multiplicative

operations.
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Example.

Let A =


0 2 0 1 1
2 1 1 0 2
0 3 1 0 0
1 0 0 1 0
2 1 0 0 2

 , then we obtain:

L̃1 =


1 0 0 0 0
0 1 0 0 0
0 0 2 0 0
0 −1 0 2 0
0 −2 0 0 2

 , L1 =


1 0 0 0 0
0 2 0 0 0
0 0 1 0 0
0 1 0 1 0
0 2 0 0 1

 ,
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A(2) = L̃1AL1 =


0 7 0 1 1
2 6 1 0 2
0 12 2 0 0
0 −4 −1 2 −2
0 0 −2 0 0

 ,

L̃2 =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 4 12 0
0 0 0 0 12

 , L2 =


1 0 0 0 0
0 1 0 0 0
0 0 12 0 0
0 0 −4 1 0
0 0 0 0 1

 ,
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A(3) = diag−1(1, 1, 1, 2, 2)L̃2A
(2)L2 =


0 7 −4 1 1
2 6 12 0 2
0 12 24 0 0
0 0 −72 12 −12
0 0 −144 0 0

 ,

L̃3 =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 144 −72

 , L3 =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 −72 0
0 0 0 −144 1

 ,
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A(4) = diag−1(1, 1, 1, 1, 12)L̃2A
(2)L2

=


0 7 −4 −216 1
2 6 12 −288 2
0 12 24 0 0
0 0 −72 864 −12
0 0 0 10368 −144

 .

The 1-triangular matrix A(4) is similar to
diag(1, 2, 24,−864,−72)A. The characteristic polynomial of the
matrix A and the matrix diag(1, 1

2 , 1
24 , −1

864 , −1
72 )A(4) is equal to

−x5 + x4 + 3x3 − 22x2 + 6x + 12.
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For computations over commutative domains we have the following
results:

The complexity of the O(n3) methods (FB) and (OP) for
solving systems of linear equations of size n ×m is

M(FB) = (1/2)(4n2m − 2n3 − 2nm − 3n2 − 2m + 7n − 2),

M(OP) = (1/6)(12n2m − 8n3 − 6nm − 9n2 − 12m + 8n + 12).

Suppose that the complexity of the given method for matrix
multiplications is γnβ + o(nβ), where γ and β are constants,
and n is the order of the matrix. Then, the complexity of the
recursive methods for solving systems of size n ×m is

S(n,m) = γ
nβ

2β

[
(4

m

n
− 2)

1− n2−β

1− 22−β
− 1− n1−β

1− 21−β

]
+ o(nβ−1m).
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The complexity of the method for the computation of the
determinant of a matrix of order n is S(n, n). The complexity
of the method for the computation of the kernel of a linear
operator is S(n,m).

The complexity of the method for the computation and the
factorization of the adjoint matrix is

F (n) = 6γnβ 1− (n/2)1−β

2β − 2
+ o(nβ)

Finally, the complexity of the best method we know today for
the computation of the characteristic polynomial of a matrix of
order n is 5

3n3 + O(n2).

Alkiviadis G. Akritas, Gennadi I. Malaschonok Computations in Modules over Commutative Domains



×àñòü V

Bibliography

Alkiviadis G. Akritas, Gennadi I. Malaschonok Computations in Modules over Commutative Domains



Akritas A.G. Elements of Computer Algebra with Applications. J. Wiley
Interscience, New York, 1989.

Akritas, A. G., Akritas, E. K., Malaschonok, G. I. Various proofs of
Sylvester's (determinant) identity. Mathematics and Computations in
Simulation 42 (1996) 585�593

Abdeljaoued, J. Berkowitz Algorithm, Maple and computing the
characteristic polynomial in an arbitrary commutative ring. Computer
Algebra MapleTech 4, No. 3, Birkhauser Boston (1997)

Abdeljaoued, J., Malaschonok, G. I. E�cient Algorithms for Computing
the Characteristic Polynomial in a Domain. Journal of Pure and Applied
Algebra (to appear)

Bareiss, E. H. Sylvester's Identity and Multistep Integer-Preserving
Gaussian Elimination. Math. Comp. 22 (103) (1968) 565�578

Chistov, A. L. Fast parallel calculation of the rank of matrices over a �eld
of arbitrary characteristic. Proc. FCT'85, Springer Lecture Notes in
Computer Science 199 (1985) 147�150

Coppersmith, D. and Winograd, S.: Matrix multiplication via arithmetic
progressions. Journal of Symbolic Computation 9 (1990) 251�280

Dodgson, C. L. Condensation of determinants, being a new and brief
method for computing their arithmetic values. Proc. Royal Soc. Lond.
A.15 (1866) 150�155

Kaltofen, E. On Computing Determinants of Matrices Without Divisions.
Proc. Internat. Symp. Symbolic Algebraic Comput. ISSAC'92. ACM Press
(1992) 342�349

Alkiviadis G. Akritas, Gennadi I. Malaschonok Computations in Modules over Commutative Domains



Kaltofen E., Villard G. On the complexity of computing determinants.
Proc. Fifth Asian Symposium on Computer Mathematics, ASCM 2001.
Extended abstract. P. 13�27.

Malashonok, G. I. Solution of a system of linear equations in an integral
domain. USSR Journal of computational Mathematics and Mathematical
Physics 23, no.6, (1983) 1497�1500.

Malashonok, G. I. On the solution of a linear equation system over
commutative rung. Math. Notes of the Acad. Sci. USSR 42, No. 4
(1987) 543�548

Malashonok, G. I.: A new solution method for linear equation systems
over commutative rung. International Algebraic Conference. Theses on
the ring theory, algebras and modules. Novosibirsk, Aug. 21-26, 1989,
P.82.

Malashonok, G. I. Algorithms for the solution of systems of linear
equations in commutative rings. E�ective methods in algebraic geometry
(Castiglioncello, 1990), Progr. Math., 94, Birkhauser Boston, Boston,
MA, 1991, 289�298

Malashonok, G. I. Argorithms for Computing Determinants in
commutative rings. Diskretnaya Matematika 7, no. 4 (1995) 68�76;
transl. in Discrete Math. Appl. 5, no. 6 (1996) 557-566.

Malaschonok G.I. On the solution of systems of linear equations.
Computational Commutative Algebra. COCOA-IV. Abstracts. Genova,
May 29-June 2, 1995. P. 32.

Alkiviadis G. Akritas, Gennadi I. Malaschonok Computations in Modules over Commutative Domains



Malaschonok, G. I. Recursive Method for the Solution of Systems of
Linear Equations. Computational Mathematics (Proc. of the 15th IMACS
World Congress, Vol. I, Berlin, August 1997). Wissenschaft & Technik
Verlag, Berlin (1997) 475�480

Malaschonok G.I. A Computation of the Characteristic Polynomial of an
Endomorphism of a Free Module, Zap. Nauchnyh Sem. S.-Peterburg.
Otdel. Mat. Inst. Steklov. (POMI), V.258, 1999, Teor. Predst. Din. Sist.
Komb. i Algoritm. Metody. 4, 101-114.

Alkiviadis G. Akritas, Gennadi I. Malaschonok Computations in Modules over Commutative Domains



Malaschonok G.I. E�ective Matrix Methods in Commutative Domains.
Formal Power Series and Algebraic Combinatorics. Springer, 2000.
P. 506-517.

Strassen, V. Gaussian Elimination is not optimal. Numerische
Mathematik 13 (1969) 354�356

Sasaki, T. & Murao, H. E�cient Gaussian elimination method for
symbolic determinants and linear systems. A.C.M. Trans. Math. Software
8, No. 4 (1968) 277�289

Waugh F.V., Dwyer P.S.. Compact computation of the inverse of a
matrix. Annals of Mathemaical Statistic. 1945. V. 16. P. 259�271.

Alkiviadis G. Akritas, Gennadi I. Malaschonok Computations in Modules over Commutative Domains


	Dodgson's Algorithm
	 Method of Forward and Backward Direction
	The One-pass Method
	 The Recursive Method
	 Dichotomic process
	Computation of similar p-trianular matrix

